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Abstract 

Let G be a simple simply connected algebraic group scheme defined over an 
algebraically closed field of characteristic p > 0. Let T be a maximal split 
torus in G, S D T be a Borel subgroup of G and U its unipotent radical. Let 
F : G — !■ G be the Frobenius morphism. For r > 1 define the Frobenius kernel, 
Gr, to be the kernel of F iterated with itself r times. Define Ur (respectively 
Br) to be the kernel of the Frobenius map restricted to U (respectively B). 
Let X{T) be the integral weight lattice and X{T)^ be the dominant integral 
weights. 

The computations of particular importance are H^([/i, k), H^(i?r, A) for A S 
X{T), ll^{Gr,H°{X)) for A e X(T)+, and il^{B,X) for A e X{T). The above 
cohomology groups for the case when the field has characteristic 2 one computed 
in this paper. These computations complete the picture started by Bendel, 
Nakano, and Pillen for p > 3 [5]. 

Keywords: Frobenius kernels, Lie algebra cohomology, algebraic groups 



1. Introduction 
1.1. 

Let G be a simple simply connected affine algebraic group scheme defined 
over ¥p and k be an algebraically closed field of characteristic p > 0. Let T be a 
maximal split torus of G and B D T he the Borel subgroup of G. Let F : G ^ G 
denote the Frobenius morphism and Gi, the first Frobenius kernel, denote the 
scheme-theoretic kernel of F. More generally, higher Frobenius kernels, G^, are 
defined by taking the kernel of the iteration of F with itself r times. 

It is a well known fact that the representation theory of Gi is equivalent 
to the representation theory of the restricted Lie algebra g = Lie(G). Knowl- 
edge about the second cohomology groups is important because of the infor- 
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mation it gives us about central extensions of the underlying algebraic struc- 
tures. A central question in representation theory of algebraic groups is to 
understand the structure and the vanishing of the line bundle cohomology, 
F"(A) = n"{G/BX{X)) for A e X{T), where C{X) is the line bundle over 
the flag variety, G/B. Fundamental to the understanding of the line bundle co- 
homology is the computation of the rational cohomology groups, in particular 
the calculation of H*(i3, A). Listed below are the calculations of cohomology of 
Frobenius kernels that aid in the computation of the line bundle cohomology. 

(1.1) H"(u, k), where u = Lie(C/) 

(1.2) H"(C/i,fc) 

(1.3) H"(Bi,A), for A e X(T) 

(1.4) H"(B^,A), for AeX(r) 

(1.5) H"(B,A), for A G X{T) 

(1.6) H"(Gi,ffO(A)), ioiXeX{T)+ 

(1.7) R"{Gr,H°{X)), for A GX(T)+ 

The goal of this paper focuses on the calculations (1.1) - (1-7) for n = 2 and 
p = 2, which complete the picture for n = 2. Bendel, Nakano, and Pillen [5] 
computed the above groups for n = 2 and p > 3. There are many theorems that 
only hold for p > 3, which makes the computations for p = 2 harder. Further- 
more, when calculating H^([/i, /c), an even index of connection for many types 
of Lie Algebras creates interesting cases for p = 2. The even index of connection 
creates many case-by-case considerations. However, in the end we found that 
H^(Gr, -ff°(A)) always has a good filtration, satisfying Donkin's conjecture for 
V = H^{X). More details about the good filtrations is found in Appendix D. ^ 

1.2. History 

In 1983, Friedlander and Parshall [7] calculated various cohomology groups 
of algebraic groups, starting with the special case when G is the general linear 
group with coefficients in the adjoint representation; then extended the idea to 
general algebraic groups with coefficients in V'^^^ where F is a G-module. They 
also calculated (1.7) forn = 1, 2 and for k = H°{0) for p^2,3. 

Andersen and Jantzen [3], determined (1.6) for p > h, where h is the Coxeter 
number (i.e., h = {p,a^) + 1, more precisely, h is one more than the height of the 
highest root). Andersen and Jantzen also determined (1.3) for A = w-O+pu for 
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p > h, where w Q W and jy G X{T). These results originahy had restrictions on 
the type of root system involved, which were later removed by Kumar, Lauritzen, 
and Thomsen [12]. 

In 1984, Andersen [1] calculated }i*{B,u! ■ 0), where w G W. Recently, 
Andersen and Rian [2] proved some general results on the behavior of H*(i?, A) 
and developed new techniques to enable the calculation of all B-cohomology 
for degree at most 3 when p > h. They also calculated H^(i?, A) and H^(i3, A) 
explicitly for A G X[T) and p > h. For higher cohomology groups, they proved 
the following theorem [2, 3.1,6.1]: 

Theorem 1.2.1. Suppose p> h. Let w e.W,u G X{T). Then we have for all i 

(a) ff(B,wO+H 

(b) R'{B,pX) = /or i > -2 • ht{X). 

Bendel, Nakano, and Pillen [5] calculated li^{B, A) for A G X(r) and p>3. 
This paper computes H^(-B, A) for p = 2. In both of these papers, H^(i?, A) was 
calculated by previous calculations of (1.1)-(1.4). 

The focus in the past 15 years of the calculations for the above calculations 
changed from large primes to small primes. In 1991, Jantzen [11] calculated 
(1.1)-(1.3), (1.6) for all primes. Jantzen used basic facts about the structure 
of the root systems and isomorphisms relating the different cohomology groups. 
Bendel, Nakano, and Pillen used Jantzen's results to get (1.4) and (1.7) for 
n = 1 and all p in [4]. In 2004, Bendel, Nakano, and Pillen [5] worked out 
(1.1.1)-(1.1.7) for n = 2 and p > 3. 

1.3. Notation 

Throughout the paper, the standard conventions provided in [10] is followed. 
Let G be a simply connected semisimple algebraic group over an algebraically 
closed field, k, of prime characteristic, p> 0. Let q = Lie(G) be the Lie algebra 
of G. For r > 1, let be the rth Probenius kernel of G. Let T be a maximal 
split torus in G and $ be the root system associated to (G, T). The positive 
(respectively negative) roots are (respectively $~), and A is the set of sim- 
ple roots. Let B dT he the Borel subgroup of G corresponding to the negative 
roots and let U be the unipotent radical of B. Let u = Lic([/) be the lie algebra 
of the unipotent radical. For a given root system of rank n denote the simple 
roots ai, 0:2, • • ■ , q:„, adhering to the ordering used in [11] (following Bourbaki). 
In particular, for type B„, q;„ denotes the unique short simple root; for type 
G„, a„ denotes the unique long simple root; for type F4 ai and a2 are the short 
simple roots; for type G2, ai is the unique short simple root. If a G and 
a = X]r=i then the height of a is defined by ht(Q) : = J2"^i rui. 

Let E be the Euclidean space associated with and the inner product on 
E will be denoted by (, ). For any root a denote the dual root by = j^^- 
Let 0Ji,uj2, ■ ■ ■ ,oJn be the fundamental weights and X{T) be the integral weight 
lattice spanned by these fundamental weights. The set of dominant integral 
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weights is denoted by X{T)-^- and the set of ^''-restricted weights is Xr{T). 
The simple modules for G are indexed by the set X(T)+ and denoted by L{X), 
A e X{T)+ with L{\) = socG-ff°(A), where socG-ff°(A) is the socle of the G- 
module H^{X). where H^{\) = ind^A. Here A denotes the one-dimensional 
-B- module obtained by extending the character A £ X{T)+ to U trivially. 

Given a G-module, M, then composing a representation of M with G results 
in a new representation where G,. acts trivially, where M^^^ denotes the new 
module. For any A in X{T), the A weight space of M is the p^X weight space of 
M^^^ . One the other hand if ^ is a G-module on which Gr acts trivially, then 
there is a unique G-module M, with V = M^'-h We denote M = V^'^'h 



1.4- Outline of Computations 

In recent work, Bendel, Nakano, and Pillen [5] calculated H^(Gr, H'^{X)) for 
p > 3 by reducing the calculations down to (u, k) . Similar strategies are 
used to calculate H^(Gr, -tf°(A)) when p = 2. The first step uses the following 
isomorphism to reduce the calculation to H^(i?r, A): 

H2(G„ i/°(A))(-'-) ^ indi(H2(i?„ A)(-'-)). (1.1) 

The Lyndon-Hochschild-Serre spectral sequence reduces the problem to H^(i?i, A). 
The problem is further reduced to the computation of H^(J7i, fc) via the isomor- 
phism 

Y(^{Bi,X) = {Yi^{Ui,k)®\fK (1.2) 

This isomorphism tells us that the Si-cohomology can easily be determined 
by looking at particular weight spaces of H^(C/i,fc). That is H^(Bi,A) ^ 

H2(t/i,fc)-A. 

The i?-cohomology completes the calculations for the second cohomology 
groups as shown in [5] and Section 4. The following theorem from Bendel, 
Nakano, and Pillen [5] states the results for p > 3: 

Theorem 1.4.1. Let p > S and X € X{T). 

(a) Suppose p > 3 or ^ is not of type G^- Then 

k if X = p^w ■ 0, with <l, for w and l{w) = 2, 

k if X = —p'^a, with < / and a € A, 

k if X = —p^P — p^a, with <l < k and a, /3 G A, 

else. 



H2(B,A) 



(b) Suppose p ■ 



H^(B,A) ^ < 



3 and $ is of type G2 ■ Then 

k ifX^p^wO, withO <l,l{w) = 2, 
k if X — —p''a, with < I and a G A, 
k if X = —p^li — p^a, with < I < k and a, ^ G A, 

where k I + 1 if j3 = ai and a = a2, 
else. 



B.^{B,X) is at most one-dimensional, as shown in [5] and Section 4. 
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2. Restricted Lie algebra cohomology 

2.1. Observations on Ui- cohomology 

Recall that H* (u, k) for p > 3 may be computed by the cohomology of the 
following complex, using the exterior algebra: 

h!^u* %h\uy ^h\uy ^ .... 

H* {Ui , k) can be computed from H* (u, k) by using the Priedlander-Parshall 

spectral sequence, which only holds for p > 3. 

To calculate H*(C/i, k), for p = 2, we must take a different approach, using 
the restricted Lie algebra cohomology. Tthe restricted Lie algebra cohomology 
may be computed by the cohomology of the following complex [10, 9.15]. 

k%u*%S\u)*^S^iu)* 

The differential di is a derivation on S'{u*) and is thus determined by its 
restriction to u*. Consider the following composition of maps 

u* ^52(u)* 4 A2(u)* 

where tt is a surjection with kernel {/^ : / € u*} and d = n o f being the 
coboundary operator for the ordinary Lie algebra cohomology, i.e. the dual of 
(u) — > u with aAbi-^ [(i,b]. The differentials are given as follows: do = and 
di -.u* ^S^{u)* with 

{di^){xi ^X2) = -(p{[xi,X2\) 

where S u* and xi,X2 € u. For higher differentials, we identify S'"(u)* = 
S'"(u*) and the differentials are determined by the following product rule: 

di+j{(l) ^ i^) = di{(l)) ® tp + (-l)V ® dj{tp). 

2.2. Basic Results 

Recall the following theorem from Jantzen, [11] 

Theorem 2.2.1. B.\Ui,k) ^ R\u,k) 

The following results, similar to those found in [5, 2.4], help identify some 
limitations on which linear combinations of tensor products, (pa 4>f3, can rep- 
resent cohomology classes when char k = 2. Using the additive property of 
differentials and the fact that differentials preserve the T action, then we are 
interested in linear combinations of tensor products that have the same weight. 
Recall the following definition from [5] . 

Definition 2.2.2. An expression '}^Ca^i34'a ®4'I3& S'^(u*) is in reduced form if 

Ca,i3 7^ and for each pair [a, /?) Ca,/3 appears at most once. 
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Proposition 2.2.3. Let p = 2 and x = '^Ca.is (j)a ^ 4>i3 (o^, P G ^'^) be an 
element in S'^{u*) in reduced form of weight 7 (for some 7 G X{T) and 7 ^ 
pX{T)). If d-2{x) = 0, then rfi(<^a) = for at least one a appearing in the sum. 

Proof. For any a G if di{(l)a) — J2 '^S,ri't'S®4'r]^ then ht(5) < ht(a) and ht(r?) 
< ht (a) for all 5, ry. For all a and /3 appearing in the sum for x, choose a root 
0- with ht(cr) being maximal. Without loss of generality, we may assume (p^ 
appears in the second factor of the tensor product. Consider the corresponding 
term Ca^a't'a^'Pa- Computing d2{x), one of the components will be Ca.adi{4>a)® 
(pa. By height considerations, (pa- appears in no other terms, thus it is not a 
linear combination of the other terms. Therefore, =0. □ 

Corollary 2.2.4. Let p ^ 2. 

(a) Let X e H^(f7i,fc) be a representative cohomology class in reduced form 

having weight 7 for some 7 £ X{T), 7 ^ pX{T). Then one of the compo- 
nents of X is of the form (pa ® (p/3 for some simple root a G A and positive 
root /3 G (with a + /3 = 7^. 

(b) Suppose (poi ®(pp represents a cohomology class in H^(?7i, k). Then one of 
three things must happen either 

(i) a,p&A, 

(ii) a e A, then di{(pfj) = Y.a^+a^=i3 (^'yu'y2 4>>ti ^ (pa2, then Ca^M2 = ±2 
for all decompositions of (3 (that is the structure constant is even), 
or 

(Hi) a = j3 and a G 

Proof. Part (a) follows immediately from the previous proposition and Theorem 
2.2.1, since H^(u, fc) is generated by the simple roots. For part (b) let's first 
assume that a = /?, then 

d2{(pa <8> (pa) = d\{(pa) ® (pa + (pa ® di{(pa) = 2di ((/)„) (pa = 0. 

Now, assume a 7^ /3 and a is simple. Then, 

d2{(pa®<Pl3) = di{(pa) (pl3 + (pa <® di{(pp) =(pa®di{(pp) =0. 

Hence, di{(pij) = 0. Therefore, /3 G A or if /3 = ai + C72 then 0^1,^2 = =1=2, for all 
decompositions of ^. □ 

2.3. Root Sums 

As previously mentioned, the computation of Y^{U\, k) involves information 
about Bi- and _B-cohomology. In this process, certain sums involving positive 
roots arise. Suppose x G H^(t/i,fc) has weight 7 G X{T). Then by Corollary 
2.2.4, 7 = a + ^foraGA and /3 G and a 7^ /3. Given such roots a and 
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/3, wc want to know whether there exists a weight a G X{T), Pi, 1^2 S A, and 
integers Q < i < p — 1 and m > such that any of the foUowing hold: 

a + /3 = 2o-, (2.1) 

a + /3 = /3i + 2a, (2.2) 

a + /3 = + 2'"/32 + 2(7. (2.3) 

Given 7 a weight of H^(J7i,fc), then there is a weight v G ^{T) such that 
H^(i3, — 7 + pi/) 7^ 0. Using results on i?-eohomology due to Andersen, [1, 
2.9], then 7 must satisfy (2.1). Note that (2.1) and (2.2) are special cases of 
(2.3) (i.e. when i — {) and m — 0). Equation (2.1) arises from the reduction 
H2(Bi,fc) =H^([/i,A;)'ri. For more details on how these equations arise see [5] . 

Remark 2.3.1. These sums noted above are only valid when 2 does not divide 
the index of connection. 

2.4- Ui-cohom,ology 

We state the theorem for H^(J7i,/c) when p = 2, which is a summand of 
T- weights, except for u*. In the next chapter, we explain the proof for each 
type. 

Theorem 2.4.1. As a T-module, 

(a) If ^ = An, then 

H2(C/i,/c)^(u*)W © -(s„S/3)-0® -(s„s^)-0 + 27. 

a+/3+7e*+ 

(b) If^ = Br,, then 

H2(C/i,A;) ^ (u*)« © -isaSp)-0® -isaSp)-0 + 2j 

® -(sa,Sa„_i) •0 + 2a„ © 2{ai + ai+i + ... + a„). 

l<i<ra-3 l<i<ra-l 



(c) If <^ ^ Cn, then 

H2([/i,A:)^(u*)W © -(s„s^)-Offi -(s„s;3) -0 + 27 

e -(sa,Sa„) •0 + 2a„_i © 2(ai + ai+i + . . . + a„) 

l<i<ra-3 l<i<n-l 
© -(Sa„-lSa„) • 0. 
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(d) If^ = Dn, n> 4:, then 

H2([/i,fc)^(u*)« e -(Sas^)-Oe -(s„s^)-0 + 27 

a+/9^*+ 0+32*+ 

a+/3+7e4>+ 

® -(Sa„_3Sa„_i) • + 2(a 

© -(Sa„_3Sa„) • + 2(a„-2 + 

© -(Sa„_iSaJ-0 + 2(ai + ... + a„_2). 
l<i<Ti-3 



fe; If^ = En,n = 6, 7, 8 i/ien 

H2(u,/c)^ -{s^sp)-0(B -(SaS/3) -0 + 27 

a,/3eA o,3,t6A 

a+/3^$+ c<+/32*+ 

a+/3+7e3'+ 

n 

© -{Sa^Sas) ■ + 2(a4 + ... + «»)© -(SasSaa) • + 2a4 

i=5 

)-0 + 2(ai + a3 + Q;4). 

(f) If^ = Fi, then 

H2(f/i,fc)^(u*)W ® -(s„s^)-0 ®-(s„,s„3)-0 + 2a2 

a,3eA 

© -(saiSas) • + 2(a2 + 0:3) © 2(a2 + as) © 2(ai + a2 + as) 
© 2(a2 + as + a4) © 2(ai + a2 + as + a4) © 2(a2 + 2a3 + ai) 
© 2(ai + a2 + as + Q4). 

If^ = G2, then 

H2([/i,/e) S (u*)W ©2(ai+a2). 

Refer to Appendix A to see a complete list of the cohomology classes asso- 
ciated with each w G W. 

3. Proof of Theorem 2.4.1 

3.1. TypeA^n 

Suppose X £ H^(C/i, k) has weight 7 6 X{T). From corollary 2.2.4, we know 
that 7 = a + /3 for some roots a G A and /3 G with a ^ (3. Furthermore, 
since 2 does not divide the index of connection, then we know 7 = a + /? must 
satisfy one of the equations (2.1) - (2.3). 
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Proposition 3.1.1. Let <^ = An and p = 2, a e A, f3 G and p. Then 

there is no weight a e ^(T) such that a + /3 = 2a. 

Proof. Consider a + /3 = 2^TOjaj, where rui = 0, l,Vi. Then, a = /3, which 

contradicts the hypothesis. □ 

Proposition 3.1.2. Let p = 2, a & A, /3 e and a (3. Then, there is no 
simple root /3i G A and a G X{T) such that a + j3 = j3i+2(j. 

Proof. Consider a + /3 = j3\ + 2 ^ mjai. Since a = ai for some i, then cr € A. 
Thus the only possibihty for ji is on^i + ai or ai + cti+i. Then x £ H^(f/i, fc) 
has only one component and by Corollary 2.2.4(b), /? G A. Hence, there does 
not exist G A and a £ X{T) such that a + /3 = /3i + 2<t. □ 

Proposition 3.1.3. Let p = 2, a G A, /3 G and a 7^ /3. If a + j3 is a weight 
ofY(^{U\,k) and there exists Pi, 1^2 G A, cr G X(T),0 <i <p, and m > smc/i 

a + /3 = i/3i + 2'"/32 + 2a, 
i/ien one of the following holds 

(a) a + (3 is a solution to equation (2.1) or (2.2), 

(b) If n >2>, then a + j3 = ai-i + aj+i + 2ai or a + (3 = ai-i + ai_2 + 2ai 
or a + P = ai+i + a,+2 + 2ai for i <n-2. 

Proof. First note that we only have to consider the cases i = 0, 1 and since p = 2 

if m > 2, then by choosing a different a G X{T), these equations reduce down 
to TO < 1 and i = 0, 1. If i = = to, then the equation reduces to (2.2), which 
is done. If z = 0, m = 1, then we have that a + j3 = 2{(32 + cr) and so ct = 0, but 
then we arc back into equation (2.1). If i = l,m = 1, then (7 = 0, which is a 
specific case of equation (2.2). The only case we have to check is i = 1,to = 0. 
Since a = a^, then u G A and ^ = ai-2 + on-\ + aj, /3 = aj + ai+i + ai+2, or 
/3 = Q!i_i + + a^+i, which are the cases above. So j3i and /32 are either the 
2 simple roots on either side of a or the two simple roots to the right or left of 
a. □ 



3.2. TypeA2n+i 

Note that X(r)/Z$ = {tui + Z$ : t = 0, 1, . . . , n} ^ Z„+i and n is odd. 
Since 2 divides the index of connection, we must change equations (2.1)-(2.3) 

tun = — 7— (nai + (n - 1)q;2 + ■ . . + «„). 
n + 1 

By revising (3.1)-(3.3), for a G A, /3 G must satisfy one of the following: 

a + /3 = 2tL0i + 2a, (3.1) 

a + /3 = /3i + 2twi + 2a, (3.2) 
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a + 13 = 01 + 2^/32 + 2tu;i + 2a, (3.3) 

where cr G Z$. Since 2tuji must lie in Z^, ^ z and 2|n + 1, it follows that 
I G Z, where s := If 2| | then (3.1)-(3.3) reduces to the original equations, 
(2.1)-(2.3) with (7 lying in the root lattice, and the arguments in Section 3.1 
apply. So, wc can assume that ^ (mod 2). Consider a + ^ = X]r=i "^jCti) 
then nii G {0, 1, 2} for i = 1, 2, . . . , n and nii = 2 for at most one i. To examine 
the possibilities, reduce toJi mod 2, so that we are looking at sequences of O's 
and I's. The sequence looks like (1, 0, 1, 0, . . . , 0, 1), where one of the zeroes is 
a 2, and at most two other zeroes can be made into a one by adding a simple 
root (as in (3.2) or (3.3)). So, we have the following: 

rmai = ipi + 2™/32 + (1, 0, 1, 0, . . . , 0, 1) (mod 2). 

Since the roots of An have consecutive I's, then n > 9 has a trivial solution. 

Looking at ^3,^5, and A7 separately it is easy to check that no additional 
cohomology classes occur, and the only classes that occur are weights of the 
form a + = SaSp ■ and a + 2'y + ^ = SaSp + 27, where a + /3 is not a root 
and a + 7 + /3 is a root. 

3.3. TypeBn 

For type X{T)/Z^ = Z2 where a;„ = ^(0:1 + 2a2 + . . . + na„) is a 
generator, which forces us to revise (3.1)-(3.3) in the following way. We are 
looking for a, /3 G satisfying 

a + 13 = 2tujn + 2a, (3.4) 

a + l3 = I3i+ 2tLUn + 2a, (3.5) 

a + p = tl3i + 2"^2 + 2tojn + 2a, (3.6) 

where /3i,/32,cr G Z$ and t = 0,1. Furthermore, when $ is of type Bn, we 
have even structure constants. The structure constants are even when the re- 
sulting root has a coefficient of 2 in the a„ spot and a„ is broken up between 
the two roots, i.e. [a„, + aj+i + ... + a„] = 2(aj + aj+i + . . . + 2a„). 

Case 1: Suppose t = and nii =^ 2, for any i: Arguments in Section 3.1 
apply. Thus, we have the same classes that appear when $ is of type A.^. 
Case 2: Suppose m, = 2 for some i. For simplicity, the weight will be written 
as: (ii, 12, . . . , in), where ij is the coefficient of the aj term. 
Case 2.1: If ij = (mod 2) for all j, then our weight is twice a root. When, 
this occurs, it is easy to check that this results in the case when a = P and 
a = ai, (3 = ai + 2ai+i + 2a,+2 + • • ■ + 2a„. It's easy to check that these are 
always in the kernel. 

Case 2.2: If there is only one odd number, then there must be some 2's. If 

all of the two's occur after the odd number, then this is a root and thus in the 
previous image. If all of the 2's occur before the odd number, then there can 
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only have one 2 before it because of the pattern of the roots. In which case, 
there is only one term in the class, (j)a^ ® 4'ai+ai+i- 

Case 2.3: Suppose there are 2 odd numbers. Note, there can't be more than 

one 2 between the two odd numbers. Otherwise, there would be no way to 
break up the weight into a sum of a simple and a positive root. Consider the 
following weight, (0, 0, . . . , 0, 1, 0, . . . , 0, 1, 2) where the first 1 is in the tth spot, 
given by cf)a^ ® '/'a„_i+2a„- This is in the kernel because the structure constant 
is 2 (as noted above). Besides this weight, the I's, 2's, and 3's that appear in 
the weight must all be consecutive. In particular, the 2's and 3's must be con- 
secutive, which follows from Proposition 2.2.3 and the the structure constants. 
Furthermore, there can only be one 3, which follows from Corollary 2.2.4 and 
the structure of the roots. If a 3 occurs, then it cannot be in the a„ spot (unless 
t = 0), 2's must follow and a 1 must occur before the 3 with a 2 between the 1 
and the 3. So that leaves us with a weight looking like (0, . . . , 0, 1, 2, 3, 2, . . . , 2), 
with the 3 in the ith spot. Suppose i < n — 2, then the term in the cohomology 
class is (/<Q. ® (j)xa- However, after taking the differential the following term 
appears <H) ® 4'xt, for some Xa,Xb € which can't cancel out and thus 
not in the kernel. The only possible weight is (0, ... , 0, 1, 2, 3, 2), which is in the 
kernel. 

If i = 0, then the only weight is (0, . . . , 0, 1, 2, 3), which is also in the kernel. 
Case 2.4: Suppose there are more than 2 odd numbers. Then, the weight would 
look like: (0, . . . , 0, 1, 1, 2, 2, 3, 2, . . . , 2). Suppose the 3 is in the spot and 
the first 1 is in the j"^ spot, then breaking this weight into 2 roots, you must 
have a contain at as part of it's sum. When taking the differential, the term 
ai (g) aj (g) (px^ appears, which can't cancel with anything else. Therefore, there 
can only be at most 2 odd numbers. 

For a complete list of the cohomology classes that appear refer to Appendix B, 
found on the ArXiv and http://www.math.uga.edu/ cwright/appendices.pdf. 

3.4. TypeCn 

For type C„, X(T)/Z$ = Z2, where wi = ai + 0:2 + . . . + ctn-i + ^cin is a 
generator. This forces us to revise (3.1)-(3.3). We want a,(3 £ satisfying 



where (7 e Z(f> and t — 0,1. 

Case 1: Suppose t — and a = 'Y^rriiai, rrii ^ 2 for all i. Then argu- 
ments in Section 3.1 apply. Thus, we have the same classes that appear when 
^ = An also appear when $ = C„. Furthermore, if a + /3 = 2a, then the 
weight is twice a root. This results in the cases (j)a (8) 0a and a = an, (3 = 
2ai + 2ai+i + . . . + 2a„_i + a„. It's easy to check that both of these classes are 
in the kernel. 

Case 2: Suppose there is only one odd number in the weight, then there must 



a + /3 = 2tuJi + 2u, 



(3.7) 



a + /3 = /3i + 2ia;i + 2a, 
a + ^ = + 2^/32 + 2tujx + 2u, 



(3.8) 
(3.9) 
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be a 1 and 2's must appear. If the 2's appear only before or after the 1, then 
there can only be 1 two because of the structure of the roots. Furthermore, 
there is only one term in the class with j3 not simple and [a, (3] ^ (mod 2). 
However, if the 2 are before and after the 1, then we must have (0, .... 0, 2, 1, 2). 
However, this weight doesn't satisfy Corollary 2.2.4. Therefore, there are no 
weights with only one odd number. 

Case 3: Note that outside of the weight (1,0,. ..,0,2,1), (which is in the 
kernel then all I's, 2's, and 3's), must be consecutive. Suppose there are at 
least 2 odd numbers. First note that (0, . . . , 0, 1, 2, . . . , 2, 1, 0, . . . , 0) can only 
be written as a sum of a simple root and a positive root when the last 1 is in 
the a„ spot, which then makes this weight a root, thus in the previous image. 
Suppose 3's appear in the weight, then there can only be one 3. Suppose 3 is 
in the ith spot, where i < n ~ 1. Also, there can't be a 1 appearing in the 
weight before the 3 because of the root structure. If there are 2's appearing 
in the weight, (0, . . . , 0, 2, . . . , 2, 3, 2, . . . , 2, 1), then after taking the differential, 
the term ® (j>a - ® (j)xa can't be cancelled. Then, we see that the 3 must be 
the n — 1 spot, since it can't be in the spot. Therefore, we have the following 
possibilities: 

(i) (0, . . . , 0, 3, 1) which is in the kernel, since the structure constant is 2. 

(ii) (0, . . . , 0, 1, 3, 1), which doesn't satisfy Corollary 2.2.4. 

(iii) (0, . . . , 0, 1, 2, 3, 1) which isn't in the kernel. 

(iv) (0, . . . , 0, 1, 2, . . . , 2, 3, 1), which isn't in the kernel, (only two ways to write 
the weight, but only one way to get ipai-i ® </'a„_i ® <Pi3- 

For a complete list of the cohomology classes that appear refer to Appendix B, 
found on the ArXiv and http:/ /www. math. uga.edu/ cwright/appendices.pdf. 

3.5. Type D,, 

Suppose t = Q and a = X] rriiai, rrn ^2 for all i. Then arguments in Section 
3.1 apply. Thus, we have the same classes that appear when <b = An also appear 
when $ — Cn- Furthermore, if q: + /3 = 2(7, then the weight is twice a root. This 
results in the cases 0a ® (j)a and a = a„, /3 = 2aj + 2aj+i + . . . + 2a„_i + a„. 
It's easy to check that both of these classes are in the kernel. 

3.5.1. n odd 

For type D„ and n odd, X(r)/Z$ ^ Z4, where uj„ = i(ai + 2a2 + • • • + 
(n - 2)a2 + ^^a„_i + f a„). We want a, /3 e satisfying 



where a £ Z$. Since we need ^^"2 G Z, then t = Q (mod 2), then we'll 
consider the cases t = Q,2. 



a + 13 = 2tujri + 2o-, 



(3.10) 



a + /3 = /3i + 2tu>n + 2(7, 
a + ^ = + 2™/32 + 2tUn + 2a, 



(3.11) 
(3.12) 



12 



Note that there arc no weights with only one odd number. 

Case 1: Suppose t = 0, and there are no 3's in the weight. We claim that if there 

are no 3's involved in the weight, then there can be at most two 2's involved. 

There can't be any 2's prior to the first 1 involved in the weight because there 

is no way to write the weight as a sum of a positive and a simple root. When 

2's appear after the first 1 then the other 1 must occur in either the a„_i or the 

a„ spot. So, there arc two possibilities for weights (i) (0, . . . , 0, 1, 2. . . . . 2, 1), 

where the first 2 is in the i"^ spot. Then after taking the differential, we see 

that the term (^a„_i 'S' (f>ai ® can only be cancelled when i = n — 2. 

(ii) (0, . . . , 0, 1, 2, . . . , 2, 1, 2) where the first 2 is in the i*^ spot. Then the same 

argument holds as above. 

The only extra classes that occur are (0, . . . , 0, 1, 2, 2, 1) and (0, . . . , 0, 1, 2, 1, 2). 
Case 2: Suppose i = 2 and there arc no 3's in the weight. The 2's must only 
come after the first 1 in the weight, and we must have I's in both the a„_i and 
a„ spots. Then, we have the following cases: 

(i) (0, . . . , 0, 2, . . . , 2, 1, 1), which is easy to check is in the kernel. 

(ii) (0, . . . , 0, 1, 2, . . . , 2, 1, 1), which is in the previous image. 

(iii) (0, . . . , 0, 1, 1, 2, 1, 1, . . . , 2, 1, 1), which isn't in the kernel because the term 
(f'ai 'S) 4>aj ® 4>xa can't cancel with anything, when i is the place of the first 1 
and j is the place of the first 2, which are not connected. 

3.5.2. n even 

Suppose n is even, then X(T)/Z$ = Z2 x Z2, where Wi =«! + ... + a„_2 + 
|q!„_i + \an and w„ = i(ai + 2a2 + . . . + (n - 2)a„_2) + ^Q!„_i + are 
the two generators. Then for a,l3 G must satisfy: 

a + 13 = 2iwi + 2suj„ + 2a, (3.13) 

a + l3 = I3i + 2tuJi + 2suJn + 2(7, (3.14) 
a + /3 = i/3i + 2'"/32 + 2tuji + 2sw„ + 2a, (3.15) 
where i = 0,l,m > Q,s,t = Q,l,a € and a,/3 e 

Case 1: When s = t = 0, then we can use the same proof as the case when 
t = when n is odd. 

Case 2: When s = l,t = 0, the equations reduce down to the case when n is 
odd and t = 2. 

Case 3: If t = 1, s = 0, then n < 12 because otherwise there are too many odd 
numbers in the weight. However the root structure tells us that if there are any 
3's in the weight, then there must be I's in the q:„ and the Q!„_i spots, then we 
have that n < 6, but since n is even, then n = 4, 6. 

Case 3.1 When n = 4, then this is reduced down to the case when s = t = 0. 
Case 3.2 When n = 6, then wc are reduced down to the case when s = 1, t = 0. 
Case 4: Now if s = t = 1, then the only thing that changes are the Q„_i and 
an spots, which we have already considered. 

For a complete list of the cohomology classes that appear refer to Appendix B. 
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3.6. The Exceptional cases 

If $ is one of the exceptional root systems (i.e., Eq,Et, Es,F4, or G2), then 
determining the Ui cohomology reduces to looking at finitely many cases. To do 
this, a program in GAP was written to calculate all different weights that satisfy 
equations (2.1)-(2.3). Then calculating all the differentials of the cohomology 
classes that satisfy the possible weights to see if they were in the kernel. Note 
that if ^ = E-j, this is the only case where the index of connection is even. The 
program must now be run twice once when t — and the other time when t = 1 
with UJ2 = ^(4q:i + 7a2 + 803 + 12a4 + 90:5 + Gag + Say) as a generator. 

Remark 3.6.1. Note, that the long simple roots in type F4 are a3,a4 and the 
long simple root in type G2 is a2. 

Remark 3.6.2. A complete list of the possible weights and classes for the ex- 
ceptional cases is seen in Appendix B. 

4. B— Cohomology 

4.1. 

In order to calculate H^(i3, A), we first had to calculate H^(i3r, A). For full 
details on the steps taken to calculate H^(Br,A) are in Appendix C. 

Cline, Parshall, and Scott [6] gives a relationship between the S^-cohomology 
and the B-cohomology: 

lf{B,X)^limlf{Br,X). 
Theorem 4.1.1. Letp = 2 and A G X{T). 



p'-w ■ 0, with < /, l{w) = 2, 

—p''a, with < I and a € A, 

-p*/3 - p'-a, with <l <t and a, /3 G A, 



p'-w ■ 0, with < /, l{w) = 2, 

—p^a, with < I and a € A, 

— p*/3 — p'a, with <l <t and a, ^ G A, 

-p'+^(a„_i + a„) - p'a„_i with < I, 



(a) If ^ is simply laced, then 
h2(S,A) ^ 



h2(B,A) ^ < 



k 


ifX 


k 


ifX 


k 


^/A 





else 




then 


k 


ifX 


k 


ifX 


k 


ifX 


k 


ifX 





else 
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(c) If ^ is of type Cn, then 



k 
k 
k 
k 




ifX= p'-w ■ 0, with 0<l, l(w) = 2, 

if X = —p^a, with < I and a G A, 

if X = -_p*/3 - p'a, with <l <t and a, /3 G A, 

if X = — p'+^(a„_i + an) with <l, 

else. 



(d) If <^ is of type F4, then 



H2(B,A) ^ < 



k 


ifX 


k 


ifX 


k 


ifX 


k 


ifX 





else. 



-p'w ■ 0, with 0<l, l{w) = 2, 

: — p'a, with < I and a G A, 

: — p*/3 — p'a, with < I <t and a, /3 G A, 

: — p'+^(a3 + /3) — p'a2 with < / and /3 G {a2,Q;4}, 



fej is of type G2, then 



h2(B,A) ^ < 



A; 

k 




«/ A = • 0, with < /, /(w) = 2, 
if X = — p'a, wzi/i < Z anc? a G A, 

if X = —p*(3 — p^a, with < I < t and a, (3 € A, 



ifX = -p'+\ai 
else. 



a2) — p^a-i with < I, 



Proof Assume that A G X{T) with B.^{B,X) ^ 0, then X 0. Choose s > 
such that 

(i) The natural map H"(_B, A) — ;> H"(i?r, A) is nonzero for all r > s. 

(ii) By choosing a possibly larger s, we can further assume that | (A,a^) | < 
p^~^ for all a G A. 

The H^{Br, A) theorem and condition (ii) gives us H^(i3r, A) is one-dimensional 
for all r > s. Fiuthcrmorc, since H^(B, A) has trivial B-action, then H^(Br, A) = 
k for all r > s, by condition (i). 

On the other hand, if there exists an integer s such that B.^{Br, X) = k for all 
r > s, then h2(S,A) ^lmiH^(B^,A) ^ fc. □ 

5. Gr-Cohomology 

5.1. 

The Bf-cohomology can aslo be used to calculate H^(Gr, -ff°(A)) for A G 
X{T)+. Recall the following theorem from [5, 6.1]. 

Theorem 5.1.1. Let X G X(T)j^ and p be an arbitrary prime. Then 
B.^{Gr, ir°(A))(-'') ^ indi 11" {Br, A) 
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Using the isomorphism in Theorem 5.1.1 and the cohomology results 
(Theorem 5.11) then we get the following theorem. 



Theorem 5.1.2. Let p = 2 and A e X{T)+. Then B.'^{Gr, H°{X)) is given by 
the following table 





Root System 


X e X(T)+ 


ind^ H^(Bi,wO+pz/)(''-i) 


An{n ^ 3),B„, 

En,F4, G2 


p'-'^{w ■0+pv),l{w) =0,2 


inds H^(Bi,«;-0 + pi/)('-i) 


A3 


p^u 


ind^ H^(Si,w-0+pz/)('') 




p''-'^{w ■0+pv),l{w) =0,2 




All 


p^v + p^w ■ with l{w) = 2 
and Q <l < r - I 




E7, Es 


p^v — p'^a with < Z < r, 
a e A 




B3, B4, F4, G2 


p^v — p'-a with < i < r, 
a e A 




Bn,n > 5 


p'^v — p^a with < / < r. 
a€A,/^r — lifa = a-n-i 






p^v — p'^a with < Z < r, 
Q e A; / 7^ r — 1 if a = a„ 




All 


p'^v - p^j3 — p'a with a, /3 e A 
< Z < t < r, 




A3 


p^y + p'^~^a2 — p^OL with 
0<;<r-l, aeA 


H° {ly + LOiY^'^ ® H°{iy + 103^"^^ 


A3 


p''v + p'^^^ll!2 — P^ct, with 
0<Z<r-l, aGA 


H^{u + wi)^'-'' ® H^{u + coay^-) 


B3 


p^y + p^~^a2 — p'a, with 
0<l<r-l, aGA 




Bn 


p'^u - p^+'^{an-i + an) -p^a2 
with 0<l <r-l 


ind^ (Mb„ ® I/) ("^^ 


Bn,nj^4 


p^v — p^~^an-i — p'a with 
0<Z<r-l, aGA 


ind^((a;i+MsJ(8)z/)('') 


B4 


p^v — p'^~^ai — p^a with aGA, 
< ; < r - 1, i G {1,3} 


ind^(MB„ (8):/)W 


Bn 


p'v - p^^^a„-i - p^an 
with < Z < r - 1 




Cn 


p^v -p'(a„_i + a„) with 
Q<l<r-l 


indB(M(8) 


Cn 


p^u — p'^~^an — p^ct with 
Q <l <r - I, a e A 


indB(M(8) 


Cn 


p^y — p'"~^a where 
a G {a„_i,a„} 
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■ 1 ( T TtI / / ^ H IT ( 1 1 \ \ 

eindg H2(S^_i,Ai) 




pXi 




£'4 


p^v + p'^~^a2 — p''a with 
0<Z<r-l, aeA 


ttI'1 / . \ / \ ~ tt{\ / . \ ( v\ 


-D4 


p^v + p^~^L02 — P^Oi with 
0<?<r-l, aeA 




£»„, (n > 5) 


p*"!/ + j3''~^ai — p^a with 
0</<r-l, aeA, 
i ^ n — 1, n 


/-r\ trO/ 1 \ir\ 


(n > 5) 


p^v + p'^~^0Jn-2 — p''OL with 
0</<r — 1, asA 




Fa 


p*"!^ — p'^"'^(q!3 + /3) — p'a2 with 
0<;<r-l, P € {a2,aA} 




Fa 


p^v — p^^^Q!2 — P^Ci with 
0</<r-l, aSA 


ind^(M(8)i/)W 


Fa 


p^v — p'^~^aA — p^a2 with 
< 1 < r- 1 




G2 


p^v — y+^(ai + a2) — p'q;2 
with 0<Z<r-l, aGA 


ind^ (Mg, ^ 


G2 


p"";/ — p''~^a2 — p''Ct with 
0<Z<r-l, aeA 



Remark 5.1.3. The module, M, is taken to be the appropriate module: 
• Mb„ is the module with factors an,k. 



• Mc„ is the module with factors a„_i, fc. 

• Mp^ is the module with factors a^^k. 

• Mq^ is the m,odule with factors ai,k. 

If the Sr-cohomology involves an indecomposable S-module, then it is nec- 
essary to determine the structure of the modules for the G^-cohomology, sepa- 
rately. To see the structure of the modules, refer to Appendix C, found at the 
ArXiv. 
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Appendix A. Cohomology Classes of H^(?7i, fe) 



Table A. 2: Cohomology Classes 





w 


cohomology class 




1 <i<n-2 






Bn 


1 < i < ri - 2 






l<i<n-3 


(t>ai ® ?!'q„_i+2q„ 




e 


</>ai ® 4'ai+2ai+i+2ai+2 + ---+2a„ + 4>ai+ai + i ® 0ai+ai+i+2ai+2 + ...+2a„ 
+ . . . + (/>ai+ai+i...+a„_i '8' </'ai+Q:i+i...+Q„_i+2a„ 
~^'Pai+ai+i...+oin-i+oin ^ (pai+ai+i.-.+a-n-i+ocn 


Cn 


1 < i < n - 3 


(pai+i ® <Pai+ai+i+ai+2 "1" ^a.+ai+i ® ^ai+i+ai+2 


<8> 0a,+2 




0a„_2 ® <pan 




4>a„-i ® cf>2a„-i+a„ 


1 < i < n - 3 






e 


0a„ "S) ?!'2ai+2ai+i + ...+2a„_i+a„ + 0ai+...+Q„ "Xl 0c(;-|-...+a„ 


Dn 


l<i<n-A 


4'ai+i ® '/'ai+ai+i+ai+2 "1" 4'ai+ai+i <8' 4'ai^i+ai+2 


4>ai ® 0Q,+2 


^an-a^an-i 


0a„ <8' </'Q„_3+2a„_2+a„-i+Q„ +</'Q„_2+a„ ® </*c«„_3+a„_2+a„_i+a„ 

~i~^aTi — 3 + ttn-2+ttn ^ ^CKti — 2 +CK7i — 1 +CK7i 


</'c«„_2 '^c«„_3+an-2+a„-i + 0a„-3+a„-2 ® 0a„-2+an-i 






•^On-i ^ 4'a„-3+2a„-2+a„-i+a„ "1" 0a7i-2+ctji-l '8' 4'a„-3+a„-2+a„-i+a„ 
+'Aa„_3+c«„_2+c«„_i <Aa„_2+an-i+an 


'^a„-2 8) (/>a„_3+a„_2+a„ + (pa„-3+an-2 ® 0a„_2+an 


0a„_3 8) '?i'a„ 


^CKn — 1 ^<Xn 


(/i'ai <8> </'ai+2ai+i + ...+2a„_2+a„_i+a„ + 

^^'ai+aj+i </'ai+Qi+i+2ai+2 + ---+2a„_2+a„_i+a„ 

+ • • • + 0ai + ...+c(„_i (Xl (/)aj + ...+a^_2+a„ , 1 < j < n - 3 


0a„_i ® 






^Q3 (8 (pai+as+ai + '/'ai+as <8l (/)c«3+a4 






0a5 "Xl (pai+as+ae + 4>ai+a5 ® (pa^+ae 


4>a4. ^ 0^6 


^Oi2 ^Otz 


'^l 0a2+a3+2a4+2Q5+Qa "1" '?-'Q:6+a6 '8 (/'a2+a3+2a4+a5+a6 
(pai+ai^+ae ® 0a2+a3+a4+a5+a6 "I" '/'a2+a4+a5+a6 ^ (pas+ai+ces+ae 


(poi5 •8 0a2+Q3+2Q4+«5 "I" '^04+0:5 ® ^a2+C«3+a4+a5 

~\~(pa2+a4+a5 ^8 </*cK3-}-a4+a5 


'^a4 0a2+c«3+a4 + '/'a2+a4 ^ <?f>c«3+a4 


</'c<2 ® ^iias 
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Eg 


^a2 ^Ct5 


4'ai ® 0ai+a2+2Q3+2a4+Q5 + 0ai+a3 ® 4'ai+a2+a3+2ai+a5 

0ai+a3+a4 ® 4^cti+a2+a3+a4+a5 ~t~ '/^ai +02+03+04 ^ ^ai+a3+a4+a5 


4^az ® *?^a2 +03+204 +05 ^" *^a3+04 ® ^02+03+04+05 

0O2+O3+O4 ® 0O3+O4+O5 


•^04 ® ^^'02+04+05 + <?!'a2+04 ® '?^04+05 


4>a2 ® 4'ar, 




(t>a2 ® 002+03+204+05 ^ 0O2+Q4 ^ 0O2+O3+O4+O5 
^002+03 +04 ® 0O2+O4+O5 


0O4 ® 003+04 +05 + 0O3+O4 ® 0O4+O5 


0O3 ® 0O5 


Er 




0O3 ^ 0O1+O3+O4 


0O1 ® 0O4 




0O5 ® 0O4+O5+O6 ~l" ^cii+arj ® ^05+05 


0O4 0O6 




0O6 ® 0O5+O6 + O7 "t~ 4^0i5+aQ ® 4*OtQ+(XY 


0OB <H) 0O7 




0O1 ® 0oi+O2+2q3+2o4+O5 + 0O1+O3 0oi +O2+O3+204+O5 

0O1+O3+O4 ® 001+02+03 +04+05 + 0Q1+Q2+O3+O4 ® 001+03+04 +05 


0O3 ® 0O2+O3 + 2O4+O5 ~t~ 0O3+O4 ^ 0O2+O3+O4+O5 
~t~0O2+O3+O4 ® 0O3+O4+O5 


0O4 0O2+O4 + O5 + 0O2+O4 '^l 0O4+O5 


0O2 005 




0O2 0O2 + O3+2O4+O5 ~i~ 0O2+O4 'S' 0O2+O3+O4+O5 

^002+03 +04 ^ 0O2+O4+O5 


0O4 ^ 0O3+O4 + O5 + 0O3+O4 'S' 0O4+O5 


0O3 0O5 




0O7 '8' 002+03+204+205+206+07 + 0O6+O7 ® 0O2 +03+2o4 +205+O6+O7 
^005+06+07 *8) 0O2+Q3+2Q4+Q5+O6+O7 
+ 004+05+06+07 ^ 0O2+O3+O4+O5+O6+O7 
+ 002+04+05+06 ® 0Q3+O4+O5+Q6+O7 


0O6 ® 002+03 +204+205+06 + 0O5+O6 ® 0O2 +03 +204 +05 +Q6 

0O4+O5+O6 ® 002 + 03+0 1+05+06 + 002+04+05+06 ® 0O3+O4+O5+O6 


0O5 ® 0O2+O3+2Q4+O5 + 0O4+O5 ® 0O2+O3+O4+O5 
~I"0O2+O4+O5 ® 0O3+O4+O5 


0O4 ® 0O2+O3+O4 + 0O2+O4 ® 0O3+O4 


0O2 0O3 


Es 




0O3 0O1+O3 + O4 + 0O1+O3 ® 0O3+Q4 


0O1 ® 0O4 




0O5 0O4+O5 + O6 + 0O4+O5 005+06 


0O4 ® 0O6 




0O6 0O5+O6+O7 + 0O5+O6 ® 0O6+O7 


0O5 ® 0O7 




0O7 <8> 0O6+Q7 + OS + 0O6+O7 ® (paj+as 


0O6 ® 0OS 
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^012 ^Ct5 


(pai <8' 0ai+Q:2+2Q3+2a4+Q5 + 'Pai+as ^ </'ai+Q2+a3+2a4+a5 

~t~^ai+CK3+Q:4 ^ai+Q;2+a3+CK4+a5 ~t~ ^^01+0:2+03+04 ^ '^01+03+04+05 


0O3 ^ *?^a2+03+204+05 ^03+04 ^ ^02+03+04+05 ~t~ ^02+03+04 ^ ^03+04+05 


9^'q4 0O2+Q4 + Q5 + 002+04 ® '/'04+O5 


•^02 ® </'05 




0O2 0O2+O3+2O4+O5 ^ ^02+04 ^ 0O2+O3+O4+O5 ~t~ ^02+03+04 ® ^02+04+05 


004 "S) 003+04 +06 + 0O3+O4 'S' ^04+05 


003 (8) 005 




0O8 ^ 0O2+Q3+2o4+2o5+2q6+2q7+O8 + 0O7 + O8 "8) 002+03+204+205+206+07+08 
^006+07+08 ^ 0O2+O3+2o4+2o5+O6+O7 + O8 
^005+06+07+08 ^ 002+03+204+05+06+07+08 
+ 0O4+O5+O6+O7 + OS ® 0O2 +03 +04 +O5 + O6 +O7 + O8 
+ 0O2+O4+O6+O6 + O7+O8 0O3 +O4+O5+O6 +O7 + O8 


0O7 ^ 002+03+204+205+206+07 + 006+07 002+03+204+205+06+07 
~I"0O5+O6+O7 ® 002+03+204+05+06+07 
~I"0O4+O5+O6+O7 ^ 0O2+O3 + O4+O5+O6+O7 
+ 0O2+O4+O5+O6+O7 ^ 003+04+05+06+07 


0Q6 ^ 002+03+204+205+06 + 0O5+O6 ^ 0Q2 +03 +204 +05 +06 

+ 0O4+O5 + O6 ® 0Q2+O3+O4 + OS+O6 + 0O2+O4+O6+O6 ® 0O3+O4+O5+O6 


0O6 ^ 002+03 +201+05 + 0O4 + O5 ® 002+03+04+05 + 002+04+05 ^ 0O3+O4+O5 


0O4 ^ 002+03 +04 + 002+04 ® 0o3+O4 


0O2 <8 0O3 


Fa 




0O3 <8> 0O1+2O2+2O3 + 0O2+O3 03 001+02+203 + 001+02+03 <H) 0o2+2o3 


002 ^ 001+02+03 + 001+02 002+03 


0O1 003 


e 


002 ^ 02oi+3a2+4o3+2o4 + 0oi+a2 ^ 0ai+3a2+4o3+2o4 

+ 0O1+2O2+2O3 0O1+2O2+2O3+2O4 + 0O1+2Q2+2O3+Q4 ® 0oi +2o2+2a3 +04 


001 "Xl 001+202+403+204 + 001+02+203 0oi+O2+2o3+2q4 
+ 0O1+O2+2O3+O4 '■^ 0O1+O2+2O3+O4 


001 (S> 0ai+2o2+2o3+2o4 + 0oi+a2 ^ 0Qi+O2+2o3+2a4 + 0oi+O2+O3+O4 


0O1 "Xl 0oi+2q2+2o3 + 0Q1+O2 ® 0O1+O2+2O3 + 0O1+O2+O3 ® 0O1+O2+O3 


0O2 0Q2+2O3+2O4 + 0Q2+O3+O4 002+03+04 


0O2 ^ 0O2+2O3 + 002+03 0o2+O3 


G2 


e 


0O1 (X) 0ai+2o2 



Remark Appendix A. 0.4. In the above table, e denotes the identity element. 
When w = SaSaj when i and j are not connected and aren't separated by a 
single vertex, then in all of the classical types, there is a single cohomology 
class: <j)ai ® 0aj • In the exceptional cases, there are some other classes that 
occur, and are demonstrated in Appendix B. 



Appendix B. Weights and Cohomology Classes in the Exception Cases 
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Table B.3: weights and cohomology classes in exceptional cases 





cohomology class 


weight 




~l~*/'c(2 + C«4 + a5 ^ 003 + 04+05 


(0,1,1,2,2,0) 


^a.^ ® ^'^'02+03+204+205+06 + '?^05+06 ® 0O2+O3+2O4+O5+O6 

^~0O4+a5+Og 0O2 +03 +O4 + O5 +00 
"l"</'02 +04 +05 +06 ® ?^03+04 +05 +06 


(0,1,1,2,2,2) 


0O3 ® ^'!*02 +03 +204+05 + ^'!*03+04 ® '?^02 +03+04+05 

"l"'/'a2+03+04 ® 9^03+04+05 


(0,1,2,2,1,0) 


</'oi ® </'oi+02+203 +204+05 + <^01+03 ® </'oi +O2+O3 +204+05 

~t~0oi+O3+O4 '^Ol +02 +03+04+05 ^01+02+03+04 ^01+03+04+05 


(2,1,2,2,1,0) 


<i>a-2, ® 9^02+03+204+05 + '/'02+O4 "^l (jio2+03+04+05 
~t~0O2 + O3+O4 ^ ^Oi2~\~OC4-\-Oi5 


(0,2,1,2,1,0) 


Er 
El 


4'a5 'Si 9!>02 +03 +204+05 + 4'ai+a5 ^ 9^02+03+04+05 

~t~0O2+O4+O5 0O3+O4+O5 


(0,1,1,2,2,0,0) 


Voe ^ ^02+03+204+205+06 ¥^05+06 ^ ^02+03+204+05+05 

+ 0O4 + O5+O6 ^ '^02+03+04+05+06 
~t"</'02+04+05+06 ^ */'03+04 +05+06 


(0 1 1 2 2 2 0) 


9f)07 ® 9io2+03 +204 +205+206+07 

1 7'a6T^07 ^ 7^02^^03-1-^04-1-^05-1-06^^07 
"l"'/'05+06+07 ^ 9^02+03+204 + 05+06 + 07 
+ </'04 +05+06 +07 ® 9^02+03 + 04 + 05+06+07 
~t~0O2+O4+O5 + O6+O7 0O3+O4+O5+O6+O7 


(0,1,1,2,2,2,2) 


9^03 9^02+03+204+05 + </'03+04 9^02+03+04+05 
~l~9^02 +03+04 ® 003 +04+05 


(0,1,2,2,1,0,0) 


0O1 'H' 0O1+O2+2O3+2O4+O5 + 0O1+O3 'H' 0ai +02+03 +204+05 

^~0O1+O3+O4 9^01+02+03 + 04 + 05 
~t~0oi +02 +03 + 04 ^ 0O1+O3 + O4 + O5 


(2,1,2,2,1,0,0) 


0O2 0O2+O3+2O4+O5 + 0O2+O4 ^ 9^02 +03+04 +05 

U^ryty -l-rvo -i-O'/i ^— ' H^CV) A-O/ a A-Cte. 


(0,2,1,2,1,0,0) 


Es 


0Q,, 'J?! 4»2+a3+2(ii+fv, + 4vi + o,s '55 <^o.+„:i + „i+05 


(0,1,1.2,2.0,0.0) 


0O6 ® 9'Q2+03+2ai+2ar, + (V(j + C^'os+oe ® ^02+03+204+05+06 

+ (t>ni + n:,+<Mi '5?' '''oa +<>:i +n i+«r, +06 

+ <:',>2+<> 1+<>S+<VG </^<>;i+«l+<,,-,+<>(j 


(0,1,1,2,2,2,0,0) 


0O7 ® 9*02+03+204+205+206+07 

+ 0O6 + O7 ® 002+03+204+205+06+07 
"l"0O5+O6+O7 ^ 0O2+O3+2O4+O5 + O6 + O7 
"l"0O4+O5+O6 + O7 ® 0O2+O3+O4+O5+O6+O7 
+ 0O2 + O4 + O5 + O6+O7 ® 0O3 +O4 + O5 + O6 +O7 


(0,1,1,2,2,2,2,0) 


0O3 '8 002+03+204+05 + 003+04 ^ 002+03+04+05 
"l"0a2+a3+O4 ® 003+04 +05 


(0,1,2,2,1,0,0,0) 
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(l>as '9 </'a2+a3+2Q4+2Q5+2a6+2a7+as 


(0,1,1,2,2,2,2,2) 




+</'a7+as 0a2+a3+2a4+2a5+2a6+c«7+a8 






'^'t'ae+ar+as ® '?^a2+a3+2a4+2a6+a6+a7+a8 






'^'Paa+ae+aT+as ® ^a2+a3+2a4+a5+a6+a7+as 






+<^a4+o;5+a6+a;7+a8 ® 4'a2+a3+a4+a5+ae+ar+as 






+<^a2+a4+a5+a6+a7+c«8 ^ </'a3+a4+a5+c«6+c«7+a8 




Eg 


(/>aj (8) <^ai+c«2+2a3+2a4+a5 + 'Pai+as ^ ^ai+a2+a3+2a4+a5 
+ '/'ai+a3+a4 ^ '^Qi+a2+a3+a4+a5 
~t~^cti +0:2+03+04 ^01+03+04+05 


(2,1,2,2,1,0,0,0) 




^02 ^ ^02+03+204+05 ^" 0O2+O4 ® ^^02+03+04+05 


(0,2,1,2,1,0,0,0) 




+'^'02+03+04 ^^'02+04+05 






</'o2 ® '/'o 1+02 +03 + '/'01+Q2 ® 0Q2+O3 


(1,2,1,0) 




0O3 ® '/'01+202+203 + </'o2+Q3 ® '?^Ql+02+203 + </'ai+Q2+a3 </'q2+2Q3 


(1,2,3,0) 




(/)a2 ® </'o2+2a3 


(0,2,2,0) 




4'a2 ® '/'02+203+204 


(0,2,2,2) 




<8l (/)ai+2o2+2o3 + </'oi+Q2 '?^Qi+a2+2a3 


(2,2,2,0) 




(pai ® </'oi+2a2+2a3+2a4 + 4'ai+a2 ^ 1+02 +203+204 


(2,2,2,2) 




t/'oi ® </'oi+202+403+204 + </'oi+Q2+203 ® <?^ai +02 +203 +204 


(2,2,4,2) 




'A02 ® '/'2qi+3Q2+4Q3+2q4 + 0Q1+O2 *8) 02qi+2q2+4q3+2q4 


(2,4,4,2) 




+ 'Aoi+2Q2+2a3 <8> (/)ai+2a2+2a3+2a4 




G2 


(t>ai <8l 0O1+2O2 


(2,4) 




(f'ai ® '/'01+302 + 0Q1+O2 ® '/'01+202 


(2,3) 



Appendix C. Calculating Bj.-Cohomology 

To calculate H^(B^A) and H^(G'r, ff°(A)), wc must calculate H^(Bi,A) (as 
both a T- module and a -B- module), and H^(i?r,A) first. Recall, for Ui < Bi 
that H^(Si,A) as a T-module can be calculated by the Lyndon-Hochschild- 
Serrc (LHS) spectral sequence. THe LHS spectral sequence, along with the fact 
Ti = Bi/Ui gives us the following characterization: 

h2(Bi,A) ^h2(C/i,/c)^i ^{B^{Ux,k)®Xf\ (C.l) 

Thus it suffices to determine the —A weight space of H^(L/'i, fc) relative to Ti: 

h2(Bi, A) ^ H2(f/i, fc)_^, whereA = {A + pz/is a weight om^{Ui,k)\v e X{T)}. 

Appendix C.l. Bi-cohomology 
Appendix C.1.1. 

Theorem Appendix C.1.1. Let p = 2. Then as a T-module, B.^{Bi,k) ^ 
(u*)^^\ except in the following cases: 

(a) If^ = A3, then 

B.\Buk) ^ (u*)(i) © (wi -i02+ a;3)(i) © 4'^- 
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(h) If^ = B3, then 

(c) IJ^ = B4, then 

(d) If^ = Bn for n ^ 3, 4, then 

2<i<n-l 

(e) //$ = C„, </ien 

2<i<n-2 

© (-W„_2 + UJnf^^ © (Wl - UJn-1 + ^n)^^'- 

f/; If^ = Di, then 

h2(Bi, fc) ^ (u*)(i^ © (wi - ^2 + ws)^'' © (a;2 - W4)(') © (wa - ws)^^) 

© (wi -a;2 + W4)^^' © (-W2 +W3 +W4)^^^ © (-wi +a;2)^^^ 

(^c/_j // $ = /or n > 5, i/ien 

n— 3 

H2(Bi,fc) ^ (u*)(i)ffi0(-Wi+Wi+i)(i)©(^i)(i)ffi(-a;„_2+w„-i+w„)('^ 

i=l 

(h) If^ = Fi, then 

B^{Bl, k) ^ (U*)(^) © {-LJl +L02- i^i)^'^^ © (-Wl + W2 - W3 + LOi)^^^ 

© (Wi - Ws + W4)^^^ © (Wl - W2 + W3)^^^ ® (W2 - ^3)^^^ © (^1 - 

(i) If^ = G2, then 

R^iBuk) ^ (u*)©(-wi+W2)^'^ 

Proof. Express the weight in B.^{Ui,k) (Theorem 1.4.1) in terms of the funda- 
mental weight basis and determine which ones are Ti-invariant (i.e. multiples 
of 2). □ 
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Appendix C.1.2. 

Recall, it is enough to compute H^(i?i,A) for A G Xi{T). The following 
lemma gives the unique weight u such that \ = w ■ Q -\-2v & Xi (T) . 

Lemma Appendix C.1.2. Let p = 2. For w = SaScj € W with i < j and 
ai and aj not connected, we define 

— Wfe +ujj, ifai,aj separated by a single vertex, au, 
coi+ujj, otherwise. 

except in the following cases: 

W„_3 - W„_2 + Wn-1 - <^n, «/ * = Bn,W = Sa„_^Sa„_i, 

Ui + LUn-l - Wn, «/ $ = Bn,^ = Sa.Sa„_i, i 7^ n - 3, 

UJi - Wn-i + W„, if ^ = Cn,W = SaiSa^, i n - 2, 

-U)n-2 + 2uJn-l, if ^ = C„,W = Sa„_^San- 

Then Sa^Saj ■ + 2f^ e Xi{T). 

Proof. For A a weight in H^(?7i, /c), then write A = Sq^Sqj ■ + 2^. Note that 
ai and are not connected except when $ is of type C„ and w = Sa^_iSa^. 
Without loss of generality we can assume i < j. The fw is determined after 
writing w • in the fundamental weight basis. □ 

In the following theorem, wc arc only concerned with A a weig htofH2([/i,fc). 

Theorem Appendix C.1.3. Let p = 2. Then, as a T-module, If X = SajSaj • 
+ 2f^ e Xi{T) then 



h2(Bi,A)S 



ifj^n-l,n-2 



except in the following cases 

(i) If ^ = -B„ o-iT'd j = then 

H2(Si,A)^j/W©K_i-w„)«. 

(ii) If^ = Bn and w = Sc<„_3Sc<„_i, then 

H2(Bi,A)-j/(;)©K_2-a;„)(^^ 
(Hi) If <^ = Bn and w = SaiSa^-i for i ^ n — 3, then 

H2(Bi,A)^ivW©(wi+a;„)«. 

(iv) If ^ = Cn and w = Sa^Sa^^ for i ^ n~ \, then 
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(v) If ^ = Cn and w = Sa„_iSa„, then 

(vi) If ^ = Dn and w = Sa„_3SQ„_i, then 

('mij If^ = Dn and w = Sa„_3Sa„, then 

('■ym^ If ^ = Eq and w = Sa^Sag, f/ien 

h2(Bi, A) ^ i^i^) © (a;4 - ws)^'^ © (^5 - we)^^) © 4'^- 

('ix^ If ^ = Eq, El, Es and w = 801280157 then 

H2(i?i, A) ^ ^.(,1) © {oJi - W3)^'^ © (W3 - c^i)^'^ © w^'^ 
(x) If ^ = Eq,E-y,Es and w = Sas^as; then 

B\Bi,X) ^ © (a;4 - W2)^'^ ©wf\ 
If <^ = Ej and w = Sa^Sa^, then 

h2(Bi, A) ^ j/^i) © (W4 - ws)^'^ © (W5 - we)^'^ © K - © 4''- 

(a;Mj If^ = Es and w = s 02^01^, then 

h2(Bi, A) ^ j/i^) © {uji - ws)^'^ © (W5 - we)^'^ © K - W7)^'^ 

fa;mj If ^ = and w = Sa^Sas, then 

R\Bi,X) ^ © (W2 - ws)''^ © (a;3 - W4)(^^ 

Proof. The relationship between the ?7i— and the Bi-cohomology (as a T- 
module), as given in equation (C.l), gives us, 

for A G Xi{T). From Lemma Appendix C.l. 2, the unique weight Vyj such that 
A = SaiSaj +pi'w G Xi{T). So we now have that 

H2(Bi,A)^0H2([/i,A;)A+2a. 
We want to find a such that A = — (sc^Scj ) + 2(t is a weight of H^(J7i, A;). 

□ 
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Appendix C.1.3. B-module structure 

The T-module structure of }l^{Bi,\) gives rise the B-module structure of 
H^(i?i,A). Recall that H^(i?i,A) is a subquotient of S'^{u*)-\. Since B acts 

on u by the adjoint action, then for a e Dist(B) = ({^), -;^) acts on u*, 

where Hi — {dcf)i){l) and the (pi^s arc a basis for Honi(G'„i,T) = Z'' [10, II. 1.11]. 
In particular since u corresponds to the negative roots, then it's only necessary 
to look at for a S The action from [9, 26.3] is defined by 

vn vk vn—k 

^iu^v) = j:i^u^^v). (C.2) 

k ^ 

Using the results in the previous section. If {Bi , A) has an answer consist- 
ing of only one factor, then this forms a 1-dimensional module. However, it 
remains to be determined if the m-dimensional submodule of the cohomology is 
an indecomposable module. As before, we will first look at this with the trivial 

module, then move on to arbitrary weights. 

Theorem Appendix C.1.4. Let p = 2 then as a B-module, ii^{Bi,k) = 
(u*)^^'. Except in the following cases: 



Root System 




Module factors (listed from top to bottom) 


A3 


(u*)(i) ®M 




B3 


(u*)(i) ®M 






(u*)(i^ ©Ml ©M2 


Ml : {UJ2 — U!4Y^\ (Wl — W2 + OJ3 — U!4Y^^ 
M2 :wi^\(-Wi-FW2)^^\(-W2+W3)^^^ 


Bn, n > 5 


(u*)(i) ©M 


(-wi + a;2)«, (-a;2 + W3)«, . . . , 

(-W„_2 -1- Wn-l)*^^^ 




(u*)(i^ ©M 


(Wi - OJn-l + W„)'-^^ (-Wi +OJ2- OJn-1 + W„)'-^^ 

{-ui2+u;3 - cOn-1 . . . , 




(u*)(i) ©Ml ©M2©M3 


Ml : {lu2 - oj4:)^^\ (wi — UJ2+ tosY^^ 

M2 : (W2 — i^sY^K (Wl — UJ2+ i^iY^^ 

M3 : (-Wi -1- UJ2Y^\ (-W2 +UJ3+ W4)^^^ 


Dn, n > 5 


(u*)(i) ®M 


4^\(-C^l+^2)«,(-C^2+W3)(l\.... 

(-w„-3 + (^n-2Y^^ , (-w„-2 + w„_i + 






(cj2 - uJsY^^, (wi - a;2 + ^3)'^^ (wi - a;3 -f ^4)'^^ 
(-wi + a;2 - W3 + ^4)^^', (wi - W4)(^\ 

(— Wl +U)2 — W4)^^^ 


G2 


(U*)W©(-W1+W2)'1' 





Proof. Using (C.2) and Theorem Appendix C.1.1, then wc can determine which 
weights form an indecomposable module. If the action takes one cohomology 
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class to another, then the factors form an indecomposable module. □ 

Theorem Appendix C.1.5. Let p = 2 and X = w ■ +pvw, then H^(Bi, A) 
is given by the following table for specified w. 



Root System 


w in X = w -O+pu 


Module factors (listed from top to bottom) 


All 




, (uJi — OJi+l + i0i+2Y^'' 


Bn 


'^-^ — ^Oiji 2 


(w„_i - W„)*-^\ (w„_2 - + COnY^^ 


Bn 


^ ^OLn — Z^O-n-l 




Bn 


^ — SfXiSotn-i^ i ^ n — ?> 




Cn 


w = So,-Sa^^ — 2 


(Wi - Ul„-2 + W„-l)(^\ (uJt - LOn-1 + UJnY^^ 


Dn 




a;i^\(u;„_2 -w„)(^\(u;„_3 - u!„-2 + uin-iY^^ 


Dn 




i^nll, (w„_2 - UJn-lY^\ (w„_3 - W„_2 + UJnY^^ 




~ ^OC3 




Eg, Et, Es 




uj[^\ (w3 - cji)(i\ (w4 - ws)^^), (w2 - a;4 + ws)^^) 


Eq, Ef, Eg 






E7 


w = .s„,, .s„3 


4'^ (t-V, - (^'jY^I {ior-, - LUdY^Y (iU4 - uj^Y^Y 


Es 


W = Sci2 ^as 


4'Y{coj - ojsY'Y K - oJrY'Y (^5 - u;eY'\ 

(W4 - W5)(l\ (W2 + W3 - W4)(^) 






(W3 - a;4)^^\ (W2 - W3)(^\ (Wi - W2 +0J3Y^'> 



Proof. Applying the action, (C.2) to the various cohomology classes, which are 
explicitly listed in Appendix A. □ 

Remark Appendix C.1.6. For the indecomposable B-modules in the preced- 
ing theorems, the factors are listed in order: where the first factor is the head 
and the last factor is the socle. 

Corollary Appendix C.1.7. Letp = 2 and A,7 G X{T). 

(a) If X ^ pX{T) and X Y w ■ Q + pa for some w & W with l{w) = 2 and 
a G X{T), then }i^{Bi,X) = 0. 

(b) IfaeA, then B.'^{Bi,p'y - a) = 0. 

Appendix C.2. Br- Cohomology 

To calculate B.^{Br, A), we first make a few observations. 

Appendix C.2.1. 

The following observations on A G pA(T) will be used in H^(i?f.,A) for 
A G X{T). 

Lemma Appendix C.2.1. Letp = 2 and X G X{T). T/ien Homs^/s, (fc, H^(Bi, fc)^'"^) ® p'A) 
is given by the following table, with 7 G X{T) 
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Root System 






All 


A = p''~'7 — a, a e A 




A3 


A = p''~'7 — W2 




B3 


A = p''~'7 — (^2 — wi) 


fl 


Bi 


A = p^'^'t - {^2 + W3) 




Bi 


A = p''~'7 — (wi — a;2 + W3 — W4) 




Bn 


A = p''"'7 - - w„^2) 


fl 


Cn 


A = f - (Wn - W„_2) 




Da 


A = p''-'7 - (wi - a;2 + Wj), i e {3, 4} 


fl 


D4 


A = p''~'7 - (-a;2 + ws - ^4) 


fl 


Dn 


A = p''"'7 - (-w„-2 + Wn-l + w„) 






A = p'"~'7 - (-wi + W2 - W4) 




G2 


A = p''~'7 - (-oji + W2) 



Proof. We have 

HomB,/B,(A;,H2(Si,A;)('-i) p'A) = Honis^, (fc, H^^^^^ ^^(-i) ;^^(;) 

2^ Horns,., (-A,H2(i?i,fc)(-^))«. 

It's necessary to consider the B-socle of H^(Bi, k). In general, this is the i?-socle 
of u*, which is X^^g^ by [11]. When the cohomology is not u*, this accounts 
for the additional weights. (The extra cases come from the cases when the socle 
is not u*. □ 

The following proposition gives an easy formula to compute Y{^{Br, k) from 
H^(i?i, k). Use the Lyndon-Hochschild-Scrre (LHS) spectral sequence for Bi<Br' 

E^^ = li'{Br/Bi,W{Bi,X)) =^ R'+^{Br,X). (C.3) 

Proposition Appendix C.2.2. Letp = 2. T/ien H^(Br, A;) = H2(-Bi, fc)^'"-^). 

Proof. Use induction on r. Assume that r > 1. Consider (C.3) for j = 1. 
H^(Bi,fc) = and thus = by [11]. Now applying the previous lemma 
with I = 1 and A = 0, we have £3'^ = HouiB^/Biik, ll^{Br/Bi,k)) = 0. Since all 
differentials going into and out of £^2 ° ^^e zero, and by the induction hypothesis 
we have that 

□ 

Appendix C.2.2. 

Lemma Appendix C.2.3. Let < I < r, and a € A. 
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(a) Then 

12/ D f k ifl>0, 



(b) Suppose $ is of type A3. Then 

h2(b^,-p'w2) 

(c) Suppose $ is of type B3. Then 



otherwise. 



k ifl>0, 
otherwise. 



otherwise. 



(d) Suppose $ is of type B4 and A = —p''{—ui2 + ojs) or X = — — i02 
1^3 — oja)- Then 

jj2/^ A) ^ I ^ > 0> 

1^ otherwise. 

(e) Suppose $ is 0/ it/pe i?„. Then 

(7j Suppose $ «5 0/ it/pe C„. Then 

tt2/7-> // \N ^, f ^ ^ > 0, 

H^(B.,V(-.-2+c.„))^| „ o^/.er«;;.e. 

f^j Suppose <I> is 0/ type and A = — — 0^2 + w,) /or i G {3,4} 
or A = —p\—uj2 + + W4). T/ien 



otherwise. 



k ifl>0, 
otherwise. 



h2(b,,a)^| 

('/i^ Suppose $ M of type Dn- Then 
('i^ Suppose $ is 0/ tt/pe -F4. T/ten 
(}y Suppose $ is 0/ type G2 ■ Then 
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Proof, (a) When r = 1, H^(i?i, —a) = by Corollary Appendix C.1.7. Suppose 
r > 1 and ; = 0. By Equation (C.3), then E'^° = B.\Br/ Bi,Rom.B{k, -a)) = 0, 
and Ej^ = R\Br/Bi,}i^{Bi,-a)) = 0, by Theorem Appendix C.1.5. Fur- 
thermore, we have E^''^ H^(B^/Bi,H^(Bi, -a)). Generally H^(Bi,-a) = k 
except when $ is of type ^3, D4, 

(i) If $ = A3, then 

Hi(Si,-ai) = fc©(-wi+W3)''' 

and 

Hi(Bi,-a3) = fc©(wi -W3)^'^ 

(ii) If $ = £)4, then 

H^(Si, -ai) = A; © (-wi + ^3)^^^ 8 (-wi + a;4)^^\ 
h1(5i, -a3) = A: © (wi - ^3)^^^ © (-W3 + W4)^^\ 

and 

H^(Bi, -a4) = A; © (wi - ^4)'^^ © (ws - ^4)^^^ 

(iii) If $ = then 

H^(Bi, -a„-i) = fc © (-w„-i + Wn)^^^ 

and 

H^(Bl, -an) = k® {iJn-l - Wn)'^^. 

So, now we can apply [4, Thm 2.8(C)] and we have that E^'^ vanishes. Hence 
eI'° = eI''^ = E°''^ = in aU cases and so 11^ {Br, -a) = 0. 
Now assume Z > 0. We use (C.3) again. E^'^ = Il\Br/Bi,U^{Bi,k) -p^a). 
By [4, Thm 2.8(C)]. Prom the case Z = 0, we have 

^2''° = ii\Br/Bi, -p^a) ^ Yi\Br-u -af^ = 0. 

So, H^(Br, -p'-a) = E^'"^. From Lemma Appendix C.2.1, 

E^'^ = RomB^/B,{k,ll^{Bi,k)<S>p'a) ^ RomB^/B,{k,'H.^{Bi,k)^'-^'><S>-p'a) ^ k. 

Hence, the result follows. 

For (b)-(j) and A defined in the theorem. As before, the case r = 1 follows 
from Corollary Appendix C.1.7. For r > 1 and Z = 0, we use (C.3). Note for 
all cases H^(Bi, — Wj) = and so E^^^ =0. □ 
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Appendix C.2.3. 

Now consider the case when A ^ p^X{T). Define the following indecompos- 
able B-modules, where all of the factors are listed from the head to the socle: 

• Nb„ is the two-dimensional indecomposable i?-module with factors 0:3 
and k. 

Furthermore, 7Vb„ H^(Si, -a„_i)(-i) [11, 3.6]. 

• Nc^ is the n-dimensional indecomposable B-module with factors 

U1\,U)2 — — W2, . ■ .,LOn— W„_i. 

Furthermore, iVc„ = H\Bi,fc)(-i). [11, 3.6] 

• is the three-dimensional indecomposable i?-module with factors + 
ai, Q!3, k. 

Furthermore Np^ ^ H^(Si, -aa)^"^^ [H, 3.6]. 

• A^G2 is the two-dimensional indecomposable i?-module with factors a2 and 

k. 

Furthermore Ng^ ^ H^(Bi, -as)^"^^ [H, 3.7]. 

Notice that if A'' is one of the above modules, then N ® \ remains indecom- 
posable for any weight A. 

Lemma Appendix C.2.4. (a) If^ is of type Bn, Fi,G2, thenB.^{Ui, N) = 

ere N is one of the modules defined above. 

(h) If ^ is of type _B„,i^4,G2, then }i^{Ui,N) is defined as follows: 

(i) B^{Ui,Nb„) has aT-basis {ai,a2, • • • , Q;„_i, a„_i -fa„, 2a„, a„_i -f- 
2a„}. 

(ii) B.'^{Ui,NcJ has aT-basis 

{ai, 02, . . . , a„-2, an, OLn~\ + 2q:„_i, 2q!„_i -|- a„, a„_2 -I- 2a„_i} 
(Hi) H {Ui,Np^) has a T-basis {ai,a2,ct4,a2 + a3,2a3,a2 + 2a3,2a3 + 
a4}. 

(iv) }i^{Ui,NG2) has a T-basis {ai,ai + a2,2a2,'2ai + a2}- 

Proof, (a) Consider the following exact sequence: 

^ }l\Ui,N) ^ }i\u,N) Hom"(u,iV"), 

where Hom^(u, iV") is the set of all maps that are additive and satisfy the prop- 
erty: (p{ax) = a^(j){x). 

In our case we have that Hom*(u, TV") = (u*)*^"'^) So, we now have the fol- 
lowing exact sequence: H-^(;7i, A^) A^(u*) ® N ^ (u*)^^) Since u* is 
spanned by the negative roots, then this last map is the 0-map. Therefore, 
H\j7i,Af) ^Hi(u,A'). 

(b) To calculate H^(u, N), we use [10, 1.9.15]: k®N^u*®N-^ K^{u*) «) N. 
So, it is first necessary to calculate ker(u* AT A^(u*) (g) A'') by [11, 1.9.17] 

j 
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where di is the differential defined in Section 2.1 and ijj G $. For example, when 
$ is of type S3, then N is an indecomposable i?-module with factors az = mi 
and k = mo- Then ■ mo = and 



Xj ■ mi 



mo 7 = -as, 
else. 



Therefore, d'o{mo) = and d'o{mi) = x*_„^ (8> mo- Furthermore, we get that 

d[{mo (8) V') = mo and d'^(mi (g)?/') = mo ® (x-q, A V') + miiS^di{ip). 

It is necessary to determine when any linear combination of these maps (both 
with the same map) returns 0. 

{ai, a2, as, a2 + as, a2 + 2a3, 203}, 

and check which weights are in the previous image k (S) N ^ u* (^^ N. The weight 
as is in the previous image because a^ is one of the factors of our module and 
1 <8) as = as (g) 1. The other calculations are similar. □ 

Theorem Appendix C.2.5. (a) //$ is of type Bn, then 



i-r) 



U 

Mi 
Mi 




I V 
I V 



if X = p^v — pi' a, a € A, < ? < r and a E A 

for I ^ r — 1 if a = a„_i, and 1^0 if a = an, 
if X = p'r - (a„_i 
if X = p^v - 
ifX=p''v, 
otherwise. 



-p^ ^a„_i, 



where M is an indecomposable module with factors an and k. 

(b) If $ is of type Cn 



R\Br,Nc„ 



i-r) 



V 

Mi 
Mi 




) V 
) V 



if X = p^v — p'-a, with a € A, < Z < r and 
where I ^ r — 1 if a = an, a„_2 and I ^0 if 
a = a„_i, 

«/ A = p^'i^ - (a„_i + an), 

if X = p^v — p^~^a where a e {a„_2, a„}, 

if X = p^v, 

else, 



where M is an indecomposable module with factors an-i and k. 
(c) If^ is of type F4 



i-r) 



V 

V 

M< 

V 





if X = p^v — p'a, with < I < r and a G A 

I r — 1 when a € {a2, ai}, 
if\=pi- [a2 + as), 
if X =p^ - (as + ai), 
if X = p^v — p^~^a for a G {02, a^], 
if X = p'v, 
otherwise, 
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where M is the two-dimensional indecomposable module with factors as 

and k. 



(d) If^ is of type G2 



-r) 



V if ^ = p^f — p^ct, a S AO < Z < r — 1, 

I 7^ when a = a2, 

V «/A =pT - (ai +a2), 
M®v if X = p'^v — p'^~^a2, 

V ifX = p'^v, 
otherwise, 



where Mi is the two-dimensional indecomposable module with factors ai 
and k. 



Appendix C.2.4- Statement of Theorem 

The previous calculations helps us compute l^{Br,X) for any r and A G 

Xr{T). 

Theorem Appendix C.2.6. Let p = 2 and A e XriT). Then B.'^{Br,X) is 
given by the following table. 



H^(5„A), p = 2 


Root System, 


A G Xr{T) 




An{n ^ 3),Bn,Ee 
E7, Es, F4, G2 


p'-^{w-Q+pv),l(w) =0,2 


H^(Si,u;-0+p!/)('-^) 


As 


p^u 


H^(Bi,«;-0+p!/)(''-' 




p'-'^iw ■0+pv),l{w) =0,2 




All 


p'^v + p''w ■ with l{w) = 2 
and 0<l<r-l 




An, Dm Eq 

E7, Es 


p^u — p^'OL with < I <r, a G A 




S3, B4, F4, G2 


p^u — p'a with < I < r, a G A 




Bn,n > 5 


p^v — p^a with <l <r, a € A; 
I ^ r - 1 if a = 






p^y — p^a with < I < r, a & A; 
I ^ r — 1 if a = an 




All 


p^v — p*-j3 — p^a with < I < t < r, 
a,P e A 




A3 


p^u + p^~^a2 — p^a with < I < r — 1, 
a G A 




A:>, 


p^u + p^~^Ld2 — p'a. with < Z < r — 1 
a t A 




B3 


p'^v + p^~^a2 — p''a, with < I < r — 1 
a G A 




Bn 


p^u - p'+^(q:„_i + a„) - p'a2 with 
0<l<r-l 



33 





R „ _^ /I 


p^u — ^c^rl—l — p^cx with ^ ^ <C r — 1, 
a e A 




R. 


p^ ]y — p^ ^CKi — p^CK with ^ / <C T* — 1, 
a e A, « G {1,3} 






p^u — p^^^an-i — p'a„ with < / < r — 1 






p'^v — p'(a„_i + a„) with Q <l < r — 1 




C'n 


p^iy — p^~^an — p''oi with < I < r — 1, 
a G A 


M^"") (g) 




p^u — p^~^a where a G {q;„_i, a„} 


H'(S,._i,M(-i) ® Al) 
©h2(S,_i,Ai) 




pXi 


7— r 


£>4 


1 7 J 

p^u + p^ a-i — p^a with < I < r — 1, 

a G A 


(rz + wi)*-'^-' © {u + oj^)^'^' 




p u +p' '^uj2 — p a with < t < r — 1, 
a G A 




-D„, (n > 5) 


p'^h' + p'^~^ai — p^a with < I < i — 1, 
aGA, I ^ n — l,n 




£»„, (n > 5) 


p^u + p^~^c0n-2 — P^ct with < I < r — 1, 
a G A 






p^v — p'"'"^ (as + /?) — p'a2 with 
0<l <r-l, /3g {Q!2,a4} 


M^^' (g) 




p'^h' — p'"~^Q!2 — p^a with < I < r — 1, 
aGA 


M('') (g) 


Fi 


— p'^~^a4 — p^a2 with 
< ; < r - 1 




G2 


p'^v — p''~^^{ai + a2) — p'a2 
0</<r-l, aGA 


M^''j (g) 


G2 


p^u — p^~^a2 — p^a with < Z < r — 1, 
aGA 



Remark Appendix C.2.7. If X is not listed above, then H^(i3j.,A) = 0. M 
is the module with factors listed in Theorem Appendix C.2.5. 

Proof. We will use induction on r. For r = 1, the claim reduces to Theorem 
Appendix C.1.5. Suppose r > 1. Set A = Ao + pXi where Ao G Xi{T) and 
Al G X{T). Use (C.3). 

Ccise 1: Ao ^ and Aq ^ —a mod pX{T), with aGA. 
In this case we have E^'" = and E^''^ = [11, 3.2]. Then, 

B.\Br,X) = E^^ E^'^ = Homs^/Bi(A;,H2(Bi, Ao) ^pXi. 

By Lemma Appendix C.2.1 this expression is zero unless Xq — w ■ + pVy, 
for some w € W with l{w) = 2 and Vyj as given in Lemma Appendix C.1.2. 
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Assume Aq is of this form. Then by Theorem Appendix C.1.5, the B- module 
H^(i?i, Ao) has simple socle of weight pu^j and E^'^ vanishes unless + Ai) e 
p''X(T). This implies Xq = w ■ O+p'^u with l{w) = 2 and i/ e X{T). Moreover, 
H^(_Br,A) = i^'^''^ for such weights. To summarize: if Aq ^ and Aq ^ —a 
mod pX[T), with a e A, and r > 1 then 

xj2/o if A = + u; • 0, with = 2, 

Case 2: Suppose Aq = —a mod pX{T), with a S A. 

Then Aq = pcoa — a by [11, 3.3], except in the following cases: 

• $ is of type i?„ with a ~ a-a-i, then Aq = 2{ll!,i,-i — i^n) — <^n-i- 

• 3> is of type C„ with a = q;„, then Aq = 2(— 2w„_i + w„) — «„. 

• $ is of type F4 with a = a2, then Aq = 2{ui2 — 0J3) — a^- 

• $ is of type G2 with a = 0:2, then Aq = 2(— wi + ^2) — 0:2- 

If $ 7^ C„ with A = -a„ mod j3X(r), then = Q. By Corollary Appendix 
C.1.7, it follows that E^'^ = 0. Therefore 

h2(B„A) ^£;2'' =H^(B,/Bi,H\Si,Ao)®pAi). 

If $ is of type C„ . Then by [11, 3.5] we have 

El'^ ^ R\Br/B^,p{uJcc + Al)) S IL\Br-l,UJoc + Ai)(^). 

[5, 2.8] implies that E\'^ = unless + Ai = p^^^v — p'^^^/S for some /3 € A 
and some < /c < r. Moreover, in this case B.'^{Br,X) = except in the 
following cases: 

• if $ = Bn,n ^ A,I3 = an-i and k = r — 1; in which case }i^{Br,X) = 

• if $ = i?4,/3 = ai,i G 1,3 and A: = r — 1; in which case H^(i?r,A) = 
-^B? » ^'-''^ 

• if $ = C„, /3 = a„ and fc = r - 1; in which case H^(Br, A) = Mc„ (8) J^^*"^ 

• if $ = i^4, /3 = a2 and fc = r - 1; in which case H^(i3r, A) = Mp^ ® v'^''^ 

• if $ = ^2, /3 = a2 and fc = r - 1; in which case H^(Br, A) = Mq^ ® v^'''' 

If $ is of type ^3, then ptOi ~ ai = uj2 for i G {1, 3}. Applying [11, 3.5(b)] yields 

EI^^ ^ ll\Br/Bi,p{uJi®UJ3) (E>pXi) = R\Br-l,UJi + Ai)(l) © ll\Br-l,UJ3 + 

Ai)*^^). As before, by [5, 2.8] the cohomology vanishes unless A = p^v — p'^ai — a 
where i G {1, 3}. Moreover, B.^{Br, A) = 7^''^ unless fc = r — 1, in which case 

B\Br, A)(-'-) ^ 7 e (7 + (-l)^(wi - a;3)). 

Adding p^^y, as defined in Lemma Appendix C.1.2 to A results in the more 

symmetric statement H^(_Br,|j'"7 + p^~^uj2 — a) = (7 + wi)'^'"^ © (7 + lo2)^^^ ■ 

Similarly if $ = D4 theupwi-a^ = W2 fori 6 {1,3,4}, ll'^{Br.p''j+p'^^^uj2- 
a) ^ (7 + a;i)('') © (7 + ^3)^''^ 8 (7 + a;4)''"); if $ = D„ forn > 5 then puj, - a, = 
uJn-2 for i e {n-l,n}, B'^{Br,p^7+P''~^i^n-2-a) ^ (7+a;„_i)M ©(7+a;„)«. 
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If $ is of type Bn with Xq = ctn-x (mod pX(r)), or $ is of type F4 with 
Ao = ai (mod pX(T)), or $ is of type G2 with Aq = Oii (mod pX(T)). Then, 
define z/ G X(T) via A = Then from [11, 3.6] H^(Si, A) ^ M(i)(8)i/(i) 

and so 

H2(Sr,A) ^ H^(B^_i,M(8)i/)(i). 

Now apply Theorem Appendix C.2.5. 

Similarly, if $ is of type B3, then H^(-B^, A) ^ (7 + Wi)^'') 8 (7 + Ws)^'') when 
A = p'^wi — 'p^~^a\ — a = p^LOa — p^~^a3 — a and $ is of type B4, H^(i3r, A) = 
(loi+j)''^^ ®{Mb4'^j)^^^ when A = p'^LOi—p^~^ai —a= p'^{L03—uj4,)—p^~^a3 — a 

If $ = C„ and a = a„, then Aq = (mod pX(T)), which is excluded. 

Case 3: Now assume Aq = 0. First assume <I> is not of type C„. Then 
-Eg^ = for all i by [11, 3.3]. From Lemma Appendix C.2.1 one obtains that 
£'2' =0 unless A = p''^ —pa, with a e A or if A is one of those listed in (i)-(iv) 
or (vi)-(viii), then by Lemma Appendix C. 2. 1(B), then }i^[Br,X) = u^'^\ as 
claimed. Now if £^2'^ = 0. This implies that 

= El'° ^R^{Br/Bi,pXi) ^B.^{Br-i,Xi)^'\ 
If $ is of type C„, then by Lemma Appendix C.2.1 

E°'^ = Homs^/B^(A;,H2(Bi,fc)(i' ® pAi) ^ Homs_i(A;,H2(Bi, fc) ® Ai)(i' = 0. 

Now, consider, E^^ = B.^{Br/Bi,E.omB,{k,pXi)) ^ R^{Br-u Xi)'-^^ and 
i;"'^ = }iomB^/Bi{k,'H.^{Bi,k) (8)pAi) = HomB^_i(A;,M O Ai)^^' and the map 
d2 : -©2'^ — > £"2'°- We want to show that ^2 is the 0-map. But, £3'^ 7^ if and 
only if Ai = p''"^i^-(a;„-a;„_i), and £2^° = H^(-Br_i,_p'~"V-(w„-w„_i)) = 0, 
by our previous calculations with case (i). 

Now, consider £3'^ = H^(SjBi, H^(Bi, fc) pAi) ^ H\B^_i, M (g) Ai), 
where M is defined as in Section Appendix C.2.3 (as in [11]). Since Eh^ ^ 0, 

30 1130 

then we must consider E2' ■ We want to show ^2 : £2' ~^ ^2' the zero-map. 

Note that the factors of M are not in the root lattice, and so for E^'^ ^ 0, 
then Ai ^ Z$. For Ai ^ Z$, then £|'° = B.^{Br-i,Xi) = by [10, II.4.10]. 
Therefore, d2 is the zero-map. □ 

Appendix D. Gr-cohomology module structure 

If the i3,.-cohomology involves an indecomposable _B-modulc, then it is nec- 
essary to determine the G^-cohomology structure separately. Consider the fol- 
lowing modules, with the factors listed from top to bottom. 

• M has factors ai and k corresponding to w = s^S/j where a, j3 are sep- 
arated by a single vertex, unless otherwise noted in one of the following 

modules. 

• If $ = i?„ and w = Sc«„_2*a„) then M has factors Q!„_i and k. 

• If $ = B„ and w — Sc«„_3Sa„_i then M has factors an— 2 and k. 
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• If $ = B„ and w = SaiSa„_i with i — 3 then M has factors a„ and k. 

• If $ = (7„ and w = SaiSa„ with — 2 then M has factors a„_i and fc. 

• If $ = Dn and w = Sa^-^San-i then M has factors a„_2 + Q!„, a„_2 and 
k. 

• If $ = Dn and w = Sa„_3Sa„ then M has factors a„_2 + oin-i, 0^71-2 and 
k. 

• If $ = and ti^ — -502 ^CK3 then Af^ has factors 0:4 -1- CK5 -1- ckq, 0:4 + 0:5, 0:4 
and k. 

• If $ is of type Eq, E^, Es and w = SajSas then M has factors ai + 0:3 + 
0:4, 0:3 + a4, a4 and fc. 

• If $ is of type Ee,Er, Es and w — Sa^Sa^ then M has factors Q!2 + cx^ , 04 
and fc. 

• If $ = iJy and u; = Sq^Scj then M has factors 0:4 + 05 + ae + 0:7, 04 + 

^5 + ttG; «4 + ct5, 0:4 and k. 

• If $ = £^8 and w = Sa2Sa3 then M has factors a4 + a5 + ae + aT + as,(X4 + 
c^s + c«6 + c«7) 0:4 + as + ae, cxa + 05, a4 and k. 

• If $ = ^4 and w = Saj.Sa^ then M has factors 0:2 + 0:3, Q!2 and k. 

U X = w ■ + pv G X(T)+ where w € W is one of the reflections listed above, 
then 

h2(G^, ^ indg(M 

The structure of these modules are listed below. Since A G X(T)+, wc must 
look at the module structure carefully. Furthermore, the module decomposition 
demonstrates that H^(Gr j H'^W) has a good filtration. The good filtration sat- 
isfies Donkin's Conjecture for V = H^{X), [13] factors listed below are listed 
from top to bottom. 

Lemma Appendix D.0.8. Let p = 2 and M be a module as above with 
corresponding w G W. Suppose v G -^(T) with w • + G X(T)+. 

(a) Suppose w = SaS/3 with a + P ^ and a + + j G . Then{v,d^)>Q 
for ai ^ a, /3, 7, {v,a')>l, {v, 7^) > -1, {u, /3^) > 1. Let S e A be such 
that S + a G and d ^ Furthermore, 

(i) If (i/,7^) = -I, then indg(M j/) = 0. 

(ii) If (i/, 7^) = 0, then indg(M ® v) ^ H°{u). 
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(Hi) If {u, 7^) > 1, (z/, 5^) = 0, then indg(M z/) ^ H°{u). 

(iv) If {v, 7^) > 1, {v, 5^) > 1, then indB(M z/) has factors H^{a + v) 
and H°{v). 



(b) $ is of type Bn with w = Sa„_2Sa„ ■ Then {f, a^) > for 1 < i < n — 3, 
(1^,0^-2) > l,(i^,Q!n-i) > > 1- Furthermore, 



(i) If {v, a^_i> = -1 and {v, q^) = 1, iften indB(M O z^) = 0. 

(ii) If (v, a^_i) = -1 and {v, a^) > 2, i/ien indB(M z/) = ff^Can-i + 
u). 

(Hi) If (z/, aX_i) > anrf a^) = 1, then indB(M z/) = H°{iy). 

(iv) If (z^, a^_i) > and (z^, a^) > 2, i/ien ind3(M z/) has factors 
ffO(a„_i+z/) and 



(c) ^ is of type Bn with w = Sa„_3Sa„_i • Then {u, a^) > for 1 < i < n — 4, 

{i^,an-3) > l.('''"n-2) > -1> (2^. "n-i) > 1 {'^^ <^n) > "l- Further- 
more, 



(i) If (z/, a^) = -1, then mdB{M z/) = 0. 

If (z/, a^) > and {v, a^.s) = -1, then indB(M z/) = iJ°(a„_2 + 

V). 

(Hi) If {i',ct'^) > and {v, 01^-2) ^ 0; ^^^^^ ind3(M i/) /las factors 
H°{an-2 + v) and H°{v). 



(d) $ is of type Bn with w = Sa .Sa„_^ with j n — 3. Then {v,a() > for 
1 <i <n-2,iy^ j, (z/,aj) > 1, (z/,a^_i) > 1 a«d(i/,a^) > -1. Fur- 
thermore, 



(i) If {u, al) = -1, then indg(M z/) = iJO(a„ + u). 

(ii) If {u, a^) > 0, then indB(M u) has factors H°{an + v) and H°{v). 
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(e) $ is of type C„ with w = Sa^Sa^ with j ^ n — 2. Then {v,a() > for 
1 < i < n — 2 and i ^ j, (v, aj) > 1, (v, ctn-i) — '^"'^ '^n) — ^■ 
Furthermore, 

(i) If {v, a^.a) = and {v, a^.i) = -1, then indB(M !/) = 0. 

(a) If{v,al_2) > 1 and(i/,a^_i) = -1, tften indB(M(8):y) = ff°(a„_i + 
u). 

(Hi) If {v, <_2) = and {v, > 0, then indg(M S H^{v). 

(iv) If iy, 01^-2) ^ 1 '^'^'^ ('^^ ^ ^'iew ind^(A^c„ <8 v) has factors 

H°{an-i+v) and H^\v). 



(f) $ is of type C„ with w = Sa„_2Sa„ ■ Then {v, Q^) > for 1 < i < n — 3, 
{^,0^-2} — l'(^'Ci:n-i) — i'^^'^n) — Furthermore, 

(i) If {v, aX_i) = -1, then indB(M ®v) = Q. 

(a) If{v,a^_^) = or = 0, then uiA%{M®v) = H°{v). 

(Hi) If (z/, Q!^_3) > 1 and (j/, a;^_;^) > 1, f/ien ind3(M (g) v) has factors 
H^{an-2 + v) and H°{u). 



(g) ^ is of type D„ with w ~ So,^_^Sa„_^^ . Then {v, a^) > for 1 < i < n — A, 
(z^-"n-3> > l-(i^-an-2) > -1> (i^-an-i) > ^> o-^d (i/, a^) > 0. Further- 
more, 

(i) If {v, a^_2> = -1 and {v, a^) = 0, then indg(M ®v) = H°{an-2 + 
a„ + v). 

(ii) If {1^,01^-2) = ^1 '^'^'^ (^'"n) — 1' i/?-en indg(M I/) has factors 
if°(a„_2 + a„ + i^) and i?°(a„_2 + ly)- 

(Hi) If {v,a^_-^ > and (j^, a^) = 0, then indg(M (g) i/) /las factors 
iJ°(a„_2 + a„ + J^) and i?°(z^). 

(iv) If (^v, a'^_2) ^ W^^^n) ^ ^^fi" ind^(M(8)z^) has factors 
H° (a„_2 + an + I/) , ff° (an-2 + 1^) and H° (v) . 
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$ is of type £>„ with w = Sa„_^Sa^. Then {v^a^) > for 1 < i < n — 4, 
(z^>"n-3) > l-(i^-an-2) > (i^-an-i) > 0, and (i/,a^) > 1. Further- 
more, 

(i) If (i/, a^_i) = -1 and {u, a^) = 0, then indf (M O z/) = -H'°(a„-2 + 
a„_i + z/). 

If (v,a^_^ = —1 anrf (i^, a^) > 1, i/ien ind^ (M (g) z/) has factors 
i?°(a„_2 + q;„_i + and i?°(a„_2 + v). 

(Hi) If (^v,a^^_i) > and {v,oi^) = 0, then va.d%{M i/) has factors 
H°{an-2 + an-1 + v) and H^{u). 

(iv) If {ly, > and {v,oi^i) > 1, then ind^(M ® v) has factors 

H°{an-2 + OLn-i + v), H\a„-2 + v) and H^{iy). 



$ is of type Eq with w — Sa^Sa^- Then {v^af) > 0, {v^a^} > 1, (fjO^) > 
1, (1^,0:4) > —1, (f, 0:5) > 0, and (i/, ag) > 0. Furthermore, 

(i) If {v, at) = -1, {v, al) = and {v, a^) = 0. Then 
ind^(M ®v) = H°{a4 + 05 + ag + u). 

(a) If {v, at) = -1, {v, a^) = and {v, a^) > 1. Then ind^(M ® i/) /las 
factors H^{ai + + a^ + v) and H°{a4 + a5 + f). 

(Hi) If {v, at) = -1, {ly, a^) > 1 and {v, a^) = 0. Then indf (M zy) /las 
factors H^{a4 + a5 + a^ + u) and H^{a4 + 1/). 

(iv) If {v, at) = -1, {ly, a%) > 1 and {v, a^) > 1. Then md%{M v) has 
factors H^{a4 + a5 + a^ + u), H^{a4 + a5 + 1/) and H°{a4 + u). 

(v) If {i>,at) > 0, {u,a'^) = and {v,a^) = 0. Then indB(M v) has 

factors 

H'^{a4 + + ae + and H^(v). 

(vi) If {y,at) > 0, {v,a),) = and {v,a^) > 1. Then md%{M (g) u) has 
factors 

H°{a4 + as + ae + i^), H°{a4 + as + !/) and H°{v). 

(vii) If {v,at) > 0, {v,a'^) > 1 and {v,a%) = 0. Then md%{M ® v) has 
factors 

H°{a4 + as + ae + i/),i?°(a4 + ly) and II°{i^). 
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(viii) If {v,ai) > 0, (j^,a^) > 1 and {v^a^) > 1. Then indg(M ® v) has 
factors H°{a4 + a5 + a6 + iy), H°{a4 + a5 + i^), H°{a4 + i^) andH°{u). 



(j) $ is of type Ee,E7,Es with w — SajSa^. Then {v,q^'() > 0, if i G 
{1,3,6,7,8}, {1^,0^2) > l,(i^, 04) > —1, and {i',ct^) > 1. Furthermore, 

(i) If {v,a() ={),{v,al) = Q and {v,aX) = -I. Then 
indB(M ®u) = H°{ai + 03 + a4 + i^)- 

(a) If {v, a() = 0, (z^, ai,) > 1 and {v, aX) = -1. Then md%{M (g) v) has 
factors H°{ai + as + a4 + u) and H^{a4 + u). 

(Hi) If {v, aX) > 1, {v, a^) = and {v, a^) = -1. Then md%{M «) u) has 
factors H°{ai +03 + 04 + 1/) and H^{a^ + a4 + u). 

(iv) If {v,aY) > 1, {v,a^) > 1 and {v.ai) = -1. Then indg(M O v)has 
factors H^{ai +03 + 04 + 1/), H^{a^ + 04 + 1^) and H^{a4 + v). 

(v) If {i',ctX) = 0, {v,ai) = and {v,ai) > 0. Then indB(M ® v) has 

factors 

H^{ai + 03 + 04 + z^) and H'^{v). 

(vi) If {iy,aX) = 0, (z^,a^) > 1 and {v,ai) > 0. Then md%{M ® v) has 
factors 

H^{ai + 03 + 04 + v), -H'°(o4 + v) and H°{u). 

(vii) If {v,aX) > 1, {v,al) = and {v,al) > 0. Then \nd%{M ® v) has 
factors 

H°{ai +03 + 04 + i^),-H"°(Q;3 + 04 + i^) andH°{u). 

(viii) If {v,aX) > 1. {v.ai,) > 1 and {v,aX) > 0. Then iiidB(M (g> v) has 
factors II°{ai + a3 + a4 + i'), H°{a3 + a4 + i^),II°{a4 + i^) andll°{v). 



(k) $ is of type Eq,Et,Es with uj = Sa^Sa^. Then (i^, o^) > 0, if i G 
{1,2,6,7,8}, (i^, 03) > 1, (1^,04 ) > —1, and (2^,05) > 1. Furthermore, 

(i) If {v,a^) ={) and {v,ai) = -1. Thenmd%{M = H°{a2+ a4 + 
v). 

(a) If (1^,02) — 1 '^"'^ (^jQ^I) = —1- Then ind^(M (g) v) has factors 
H°{a2 + 04 + !^) and iJ°(o4 + i^)- 
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(in) If {v,0!^) = and {v-.a^) > 0. Then inds(M (g) i/) has factors 

H"{a2 + (M + v) and H^\v). 

(iv) If {iy,a'^) > 1 and {v.a^) > 0. Then md'^{M (g) i/)has factors 
H°{a2 +a4 + v), H°{ai + v), and H°{v). 



(I) $ is of type Eq, E^, Eg with w = Sa^s^^. Then {v^a^) > for i G 
{1,2,3,7,8}, {v,a^) > I, < {v,al) > -1, and {u,a'^) > 1. Further- 
more, 

(i) If {u, a^) = -1, then indB(M ^v)=Q. 

(ii) If {u, a^) = 0, then ind^CM ^u)^ H^{v). 

(Hi) If {v, al) > 1 and ({v, a^) = or {u, a^) = 0^, then indf (M i/) ^ 

(iv) If {u,a^) > l,{v,a^) > 1 and {v,a^) > 1 then m.d%{M ® y) has 
factors II^{ai + u) and II^{u). 



(m) $ is of type Er with w = Sa^Sai- Then {v,a-) > 0, if i ^ {1,5,6,7}, 
{v,a^) > 1, and {i',a'^) > —1. Furthermore, 

(i) If (i/, O = -1, (i/, a^) = 0, (i/, a^) = and {v, a)) = 0. Then 
indf (M 0u) = H°{a4 + as + ae + ar + i^)- 

(ii) If {v,ai) = -l,{u,a^) = 0,{iy,a^) = and {v,a^) > 1. Then 
ind^(M (g) v) has factors II^{a4 + + + ar + i^) and II^{a4 + 

(Hi) If {v,aX) = -l,{v,al) = 0,(!^,a^) > 1 and {v,a)^) = 0. Then 
\mi%{M®v) has factors H^^ai+a^+aQ+ar+iy) and H'^{a4+a5+u). 

(iv) If {v,al) = -l,{u,a^) > l,{v,a'^) = and (z^,a^) = 0. Then 
indg (M (g) I/) has factors {a4 + a5 + a6 + ar + i') and H'^ {a4 + v) . 



(v) If {v,ai) = -l,{u,al) = 0,(z^,a^) > 1 and {i^,a^) > 1. Then 
ind3(M(g)!/) has factors H'^{a4+a5+ae+aT+i'), H'^{a4+a5+ae+u), 
and H^{a4 + 015). 
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(vi) If {v,aX) = -l,{u,al) > l,(i^,a^) = and {i^,a^) > 1. Then 
ind^(M(g)i/) has factors H'^ (ai+a^+aQ+ar+u) , H'^ (ai+a^+ae+i') 
and H^{a4 + u). 

(vii) If {v,aX) = ~l,{v,al) > l,{i^,a^) > 1 and {i^,a^) = 0. Then 
md%{M (g) ly) has factors H°{a4 + + ae + + v), H'^{a4 + a5 + u) 
and H°{a4 + u). 

(viii) If {v,ai) = -l,{v,aX) > l,{v,ai) > 1 and (I'.a.j) > 1. Then 
mdg{M ig) u) has factors H°{a4 + + ag + ar + i^), H'^{a4 + as + 
ae + z^),-H'°(q;4 + + v) and J?°(a4 + v). 

(ix) If {v,at) > 0,{iy,a^) = 0,{iy,a^) = and {iy,a^) = 0. Then 
indB(M (g) v) has factors H^{a4 + + ag + + u) and H^{v). 

(x) If {v,at) > 0, = 0, (i/,a^) = and {iy,a^) > 1. Then 
ind^(M®z/) has factors H°{a4+a5+a6+ot7+i^),II°{ot4+ot5+ct6+i^) 
and H^{v). 

(xi) If {v,ai) > 0,{v,al) = 0, (z^,a^) > 1 and {v,a^) = 0. Then 
indg {M ®v) has factors (a4 + as + ae + a? + 1') , (a4 + as + z^) 
and H°{v). 

(xii) If {v,aX) > 0, (i/,a^) > l,{v,a^) = and {v,a^) = 0. Then 
'mdg{M (g) u)has factors H^{a4 + as + ae + ay + 1/), fl'°(a4 + u) and 
H^{v). 

(xiii) If {v.aX) > 0, (i^,a^) = 0, (i^,a^) > 1 and {iy,a^) > 1. Then 
ind^(M (g) v) has factors iJ°(a4 + + ag + + v) , H'^(a4 + as + 
ae + i'),H°{a4 + as) and H^{v). 

(xiv) If {v,aX) > 0, (i^,a^) > l,(i^,a^) = and {iy,a^) > 1. Then 
ind§(M g) i^) has factors H'-^ai + as + ae + ay + u), iJ°(a4 + as + 
ae + i^), i?°(a4 + i^) and H°{iy). 

(xv) If {v,aX) > 0, (j/,a^) > l,{v,al) > 1 and {v,a^) = 0. Then 
ind^(M (g J/) has factors H^{a4 + as + as + ay + i/), -ff°(a4 + as + 
v),H'^{a4 + y) andH'^iu). 

(xvi) If {v,al) = —l,{v,a^) > l,{v,a^) > 1 and (t^,ay) > 1. Then 
ind^(M g) u) has factors II^{a4 + as + ag + ay + i/), H^{a4 + as + 
ae + v),H°{a4 + as + z^),il°(a4 + v), and H°{p). 



(n) <I> is of type Eg with w = Sa2Sa3- Then > 0, if i & {1,5,6,7,8}, 
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(^^, CKs) — 1) ^'^'^ {^if^X) ^ Furthermore, 

(i) If {v, ai) = -1, (i/, aX) = 0, (i., a^) = 0, {v, a^) = and {u, a^) = 0. 
Then md%{M (g) j/) = if°(a4 + as + ae + ay + as + i^). 

rii; // (z^, aX) = -1, (i^, a^) = 0, {u, a^> = 0, {u, a^) = and {u, a^) > 1. 
Then indg(M (g) !/) /las factors H'^{a4 + + + ar + as + v) and 
il°(a4 + as + ae + a7 + v). 

(in) If {u, aX) = -1, {u, ai) = 0, {u, a^) = 0, {v, a^) > 1 and {u, a^) = 0. 
Then mdg{M ® i^) /las factors il°(a4 + as + ae + ay + ag + i') and 
if°(a4 + as + ae + u). 

(iv) If{iy,aX) = -l,{iy,aX) = 0, (i^,a^} > 1, (;^,a^) = a«d {v,aX) = 0. 
r/ien ind^(M (g) v)has factors H'^{a4 + as + ae + ay + as + i') and 
ff°(a4 + as + !^). 

// aX) = -1, (i^, a^) > 1, {u, a^) = 0, {v, a^) = 0, anrf {i^, a^) = 0. 
r/ien mdg{M (g) zv) /las factors il°(a4 + as + ae + ay + ag + i/) and 

ijO(a4 + !^). 

("w; If{v,aX) = -1, (z^,a^) = 0, {v,a^,) = 0. (^.a^) > 1, and {v^a^) > 1. 
Then ind^(M(g)i/) /las factors -ff''(a4+a5+a6+a7+as+i^), -ff°(a4 + 
as + ae + ay + v) and i?°(a4 + as + ag + t^). 

(vii) If {v, aX) = -1, {v, al) = 0, {v, a^) > 1, {v, a^) = and {v, a^) > 1. 
Then indg(M(gi/) /las factors /f°(a4+as+a6+a7+a8+z^), -ff°(a4 + 
as + ae + ay + u) and II°{a4 + as + i^). 

(via) If{i>,aX) = -l,{v,aX) > l,{iy,a^) =0, (z/,a^) = 0, and{v,al) > 1. 
Then ind^(M (g) ly) has factors 77° (a4 + as + ae + ay + as + i^), 
i?°(a4 + as + ag + ay + i^), and i?°(a4 + v). 

(ix) If {v, aX) = -1, {v. al) = 0, {v, a^) > 1, {v, a^) > 1, and {u, a^) = 0. 
Then iiid%{M ig) i/) has factors H'^{a4 + as + ag + ay + as + i^), 
H^{a4 + as + ae + f), and II^{ai + as + y). 

(x) If {v, aX) = -1, {u, al) > 1, {u, a^) = 0, {u, a^) > 1, and {u, a^) = 0. 
Then indg(M z/) /las factors fl'°(a4 + as + ae + ay + as + z^), 
i?°(a4 + as + ae + v), and H^{a4 + u). 

(xi) If {y, aX) = -1, a^) > 1, {ly, a^) > 1, {u, a^) = 0, and {u, a^) = 0. 
Then ind^(M ig) i/) /las factors H"{a4, + as + ae + ay + as + v), 
H°{a4 + as + i^), and iJ°(a4 + i^). 
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(xii) If{v,aX) = -1, {v.al) = 0, {v,a^) > 1, {iy,a^} > 1, and {v^a^) > 1. 
Then mA%{M ® u) has factors H°{a4 + + + + as + f), 
H^{ai + a^ + aQ + a'j + v), H^{a4, + a^ + aQ + y) and H^{ai + a^ + u). 

(xiii) If{v,aX) = -l,{u,a^) > l,{iy,a^) =0, (i/,a^) > 1, and{u,a^) > 1. 

Then ind^(M (8) i^) has factors H'^{a4 + + + + as + i') , 
i?"(a4 + Q!5 + ae + ai + ly) , H^(a4 + as + ag + J^) and H^{a4 + v). 

(xiv) If {v,aX) = -l,{v,al) > => 1, (i^^a^) = 0, and {v,al) > 
1. Then md%{M (g) u) has factors H°(a4 + a^ + ae + ar + as + v) , 
H°{a4 + as + ae + i^), H%a4 + as + !/) and H°{a4 + y). 

(xv) If {v, aX) = -1, {ly, a^) > 1, {v, a^) > 1, {v, a^) > 1, and {v, a^) = 0. 
Then irKl^(Af '55' has factors ij"(a'4 + as + ae + ay + as + v), 
H°{a4 + as + ae + i/),i?°(a4 + as + and H°{a4 + v). 

(xvi) If{v,aX) = > > l.('^.a7) > 1, and{u,a'^) > 1. 
Then ind§(M (g) u) has factors H°{a4 + as + ae + ay + ag + v), 
H'^{a4 + as + ae + ay + v), i?°(a4 + as + ae + v), -ff°(a4 + as + u), 
and H^{a4 + f)- 

(xvii) If {v^aX) > 0, {v,aX) = 0, (z^,a^) = 0, (!^,ay) = and {v^a^) = 0. 
Then indg(M (g) i/) /las factors H^{a4 + as + ae + ay + ag + i') and 

(xviii) If {iy,aX) > 0, (i^,Q'^) = 0,(i^,a^) = 0, (i^,a^) = and {iy,a^) > 1. 
T/ien ind3(Mig)iy) has factors -ff''(a4+as+ae+a7+a8+i^), -ff°(a4 + 
a5 + aQ + ar + u) and H^{u). 

(xix) If {v, aX) > 0, (u, a^} = 0, (i^, a^) = 0, (i/, a^) > 1, and {v, a^) = 0. 
Then indg(M®i^) /las factors il°(a4+as+ae+a7+a8+z^), -ff'^(a4 + 
as + ae + u) and H^{u). 

(xx) If {ly, aX) > 0, {ly. a^) = 0, {v, a^) > 1, {v, a^) = and {v, a^) = 0. 
Then indg {M(^v)has factors (a4 + as + ae + ay + ag + i^) , ° (a4 + 
as + J^) andH'^iv). 

(xxi) If {v, aX) > 0, (i/, a^) > 1, {v, a^) = 0, (z^, a^} = 0, anrf (j^, a^) = 0. 
T/ien indg(M(gi/) has factors ff°(a4+as+a6+a7+a8+J^), iJ°(a4 + 
v) andH°{v). 

(xxn) If {v, aX) > 0, {ly, a^) = 0, {ly, a^) = 0, {v, a^) > 1, and {v, a^) > 1. 
Then indg(Af (g> z^) /las factors H'^(a4 + Q's + a'e + ay + ag + i^), 
i?°(a4 + as + ae + ay + i/), -ff''(a4 + as + ae + i^) and H^iy). 
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(xxiii) If {v,ai) > 0,(j/,a^) = Q,{v,a^^) > l,{-u,a){) = and {v,a^) > 1. 
Then ind^(M (g) u) has factors H°{a4 + + + + as + v), 
H°{a4 + as + ae + a7 + u), H°{a4 + as + and H°{v). 

(xxiv) If {v,al) > 0, {v,a'^) > 1, {jy,^^) = 0, (j^,a^} = 0, and {v,al) > 1. 
Then md'^{M ® u) has factors -ff°(a4 + + ae + ar + as + u), 
H°{a4 + a5+a6 + a7 + !^),i?°(a4 + v) and H°{v). 

(xxv) If iy. O > 0, {v, al) = 0, {y, a^) > 1, {u, a^) > 1, and {v, a^) = 0. 
Then m.d'^^M ® v) has factors i?°(a4 + a^ + a^ + aj + as + v), 
F°(a4 + as + ae + v), H°{a4 + as + J^) and H^iu). 

(xxvi) If {v, a\) > 0, {ly, a^) > 1, (i/, a^) = 0, (z^, a^) > 1, and (i/, a^) = 0. 
Tften ind^(M (g) z/) /las factors H'^{a4 + + uq + ar + as + u), 
H°{a4 + as + ae + v), H°{a4 + v) and H°{u). 

(xxvii) If {v,aX) > 0, (z^,a^) > 1, {v,a'^) > 1, (!^,ay} = 0, and (;a a^) = 0. 
Then mdg{M (gi v) has factors if°(a4 + as + ae + Q7 + as + i^), 
H^{a4 + as + v), H^ia^ + i^) and H^{u). 

(xxviii) If {v,aX) > 0, (i/,a^) = 0, (i/,a^) > l,{u,a':^) > 1, and {u,a'^) > 1. 
Then ind^(M ® z/) has factors H'^{a4 + as + ae + ay + as + i'), 
i7"(a4 + as + ae + ay + u), H^{a4 + as + ae + v), H^{a4 + as + i^) 

and H^(v). 

(xxix) If (v,aX) > 0,(i^,a^) > l,(i^,a6) 0,(i^,ay} > 1, and {v^a^) > 1. 
Then ind^(M (g) v) has factors H^{a4 + as + ae + ay + as + z^), 
H^{a4 + as + ae + ay + v), H°{a4 + as + ae + v), H^{a4 + v) and 
H\v). 

(xxx) If{u,al) > 0,(i^,a^} > l,(z^,a^) => 1. {u.a^) = 0, and{v,al) > 1. 
Then ind^(M v) has factors 7J''(a4 + as + ag + ay + as + z^), 
F°(a4 + as + ae + z^),-ff°(a4 + as + :^),7?°(a4 + i^) and Il'^{v). 

(xxxi) If {u,aX) > 0, (i/,a^) > l,(i/,a^) > l,{u,a':^) > 1, and (i/,a^) = 0. 
Then md'^{M ® z/) /las factors H^{a4 + as + ae + ay + as + i'), 
H°{a4 + as + ae + v), H°{a4 + as + u), H°{a4 + v) and H°{u). 

(xxxii) If {v,aX) > 0,(z^,a^) > l,(j^,a^) > l,(i/,a^) > 1, and {v,a^) > 1. 
Then ind^(M (E) v) has factors H'^{a4 + as + ag + ay + as + z^), 
ff''(a4 + as + ae + ay + v), H°{a4 + as + ae + ly), H°{a4 + as + 
iy),H°{a4 + u) andH°{u). 



(o) If <^ is of type F4 andw = Sa^Soii- Then {v^a^) >Q,{v,a2) >\,{v,a'^) > 
— 1, and {u-iaX) > 1- Furthermore, 
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(i) If {u, a^) = -1 then indBiNp^ ^u)=0. 

(ii) If {u, a^) =0,1 or {u, alee) = then indB(iVF4 i^) = H'^{u). 

(Hi) If (ujO^) > 2 and {v,Q.\ee) > 1 then md'^(Np^ ® has factors 
H^{a2 + v) andH°{v). 



(p) If <^ is of type Fi andw = Sa^Sa^. Then {v,aX) > ^ ~1)('^)Q^3) ^ 

1, and {i',OiX) > 0. Furthermore, 

(i) If {v, a^) = -1, {v, a^) = 1 and {v, aX) = then indB(iVF4 ®v) = 0. 

(ii) If {v, a^) = —1, (i^, a^) — 1 and (u, al) > 1 then 

(Hi) If {v,a)^) = -1, {v^al) > 2 and {v,ai) = then m6^{NF^ ®v) = 

(iv) If {iy,a^) = -1, {v, ag ) > 2 and {v, a^) > 1 then m.d%{NFi ® v) has 
factors H'^{a2 + + v) and H'^{a2 + v)- 

(v) If {y.ai) > 0,{u,a'^) = 1 and {v,ai) = then m.d.%{NF^ ® y) = 

(vi) If {i',a^) > 0, {p,a'^) = 1 and {v,ai) > 1 then ind'i^NF^ O i^) has 
factors 

i?°(Q!2 + as + i^) andH^{v). 

(vii) If (iy,a^) > 0, {i^,a^) > 2 and {v,ai) = then indB(A^F4 ® v) has 
factors 

H^{a2 + y) andH°{u). 

(viii) If {v,a)i) > 0, {y,a^) > 2 and {v,ai) > 1 then indB(iVF4 O v) has 
factors 

H°{a2 + as + !^), H°{a2 + v) and H°{u). 
Proof. The proof is similar for all cases. 

Consider the case w = SaiSai+2- Then w-O = — 2tJi + 2a;i+i — 2u;i+2 + Wi+3. 
Let = J27=i c-i^i- If w • + 2zv is dominant, then Cj > for j ^ {i,i + l,i + 2}, 
Ci > l,Ci+i > — 1 and Ci+2 > 1- To determine the structure of the induced 
modules, the argument follows [4, Proposition 3.4], which explains that it is 
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necessary to determine precisely when our module factors are dominant. The 
module M ® v has factors ai + v and v. Consider 

2 — 2 n 

ai + V = CjUij + (c,_i - + (cj + 2)uJi + (cj+i - l)uji+i + ^ CjUij 

j=l j=i+2 

which is dominant precisely when Ci-i > 1 and Cj+i > 1. 

If (i^, ai^i) = — 1, then ly and + aren't dominant and ind^(Af ® v) ~ 0. 

If (i/, a^]^) = or {v,ai-\) = 0, then + i/ isn't dominant, but is, so 
using [4] and [10, II.4.5], then \^A%{v) = H^{v); hence md%{M(S)v) = H°{v). If 
{i^, c^i+i) ^ 1 ^n'i ('^i li-i) flf^c? > 1, then both ai + i^ and v are dominant. Using 
[10, II.4.5] and [4, 3.4] then indg(ai + u) = H°{ai + v) and = H°{u). 

Hence inds(M u) has factors H°{ai + v) and H^{v). □ 
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